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QED with strong external backgrounds that can create particles from the vacuum is well developed 
for the so-called t-electric potential steps, which are time-dependent external electric fields that 
are switched on and off at some time instants. However, there exist many physically interesting 
situations where external backgrounds do not switch off at the time infinity. E.g., these are time- 
independent nonuniform electric fields that are concentrated in restricted space areas. The latter 
backgrounds represent a kind of spatial x-electric potential steps for charged particles. They can 
also create particles from the vacuum, the Klein paradox being closely related to this process. 
Approaches elaborated for treating quantum effects in the t-electric potential steps are not directly 
applicable to the x-electric potential steps and their generalization for x-electric potential steps 
was not sufficiently developed. We believe that the present work represents a consistent solution 
of the latter problem. We have considered a canonical quantization of the Dirac and scalar fields 
with x-electric potential step and have found in- and out-creation and annihilation operators that 
allow one to have particle interpretation of the physical system under consideration. To identify 
in- and out-operators we have performed a detailed mathematical and physical analysis of solutions 
of the relativistic wave equations with an x-electric potential step with subsequent QFT analysis 
of correctness of such an identification. We elaborated a nonperturbative (in the external field) 
technique that allows one to calculate all characteristics of zero-order processes, such, for example, 
scattering, reflection, and electron-positron pair creation, without radiation corrections, and also to 
calculate Feynman diagrams that describe all characteristics of processes with interaction between 
the in-, out-particles and photons. These diagrams have formally the usual form, but contain special 
propagators. Expressions for these propagators in terms of in- and out-solutions are presented. We 
apply the elaborated approach to two popular exactly solvable cases of x-electric potential steps, 
namely, to the Sauter potential and to the Klein step. 
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I. INTRODUCTION 


The effect of particle creation by strong electromagnetic and gravitational fields has been attracting attention 
already for a long time. The effect has a pure quantnm nature and was first considered in the framework of the 
relativistic quantum mechanics with understanding that all the questions can be answered only in the framework 
of quantum field theory (QFT). QFT with external background is to a certain extent an appropriate model for 
such calculations. In the framework of such a model, the particle creation is closely related to a violation of the 
vacuum stability with time. Backgrounds (external fields) that violate the vacuum stability are to be electriclike 
fields that are able to produce nonzero work when interacting with charged particles. Depending on the structure 
of such backgrounds, different approaches for calculating the effect were proposed and realized. Initially, the effect 
of particle creation was considered for time-dependent external electric fields that are switched on and off at the 
initial and the final time instants respectively. In what follows, we call such kind of external fields the t-electric 
potential steps. Scattering, particle creation from the vacuum and particle annihilation by the t-electric potential 
steps were considered in the framework of the relativistic quantum mechanics, see Refs. M; a more complete list 
of relevant publications can be found in [^. A general formulation of quantum electrodynamics (QED) and QFT 
with t-electric potential steps was developed in Refs. However, there exist many physically interesting situations 
where external backgrounds formally are not switched off at the time infinity, the corresponding backgrounds formally 
being not t-electric potential steps. As an example, we may point out time-independent nonuniform electric fields 
that are concentrated in restricted space areas. The latter fields represent a kind of spatial or, as we call them 
conditionally, a;-electric potential steps for charged particles. The a;-electric potential steps can also create particles 
from the vacuum, the Klein paradox being closely related to this process [Q-Q. We recall that Klein considered the 
reflection and transmission of relativistic electrons incident on a sufficiently high rectangular potential step (the Klein 
step) and he had found that there exists a range of energy where the transmission coefficient is negative and the 
reflection coefficient is greater than one. There would apparently be more reflected fermions than incoming. This 
is called the Klein paradox. One can find a broader interpretation of what should be called the Klein paradox, e.g. 
see iSIl- These authors propose to speak about the Klein paradox when one encounters a special behavior of 
stationary solutions both for fermions and bosons, unusual for the nonrelativistic quantum mechanics. For example, if 
the electron kinetic energy belongs to the so-called Klein zone, which is situated just below the range of obvious total 
reflection, the stationary solutions penetrate through the step, the sign of the kinetic energy being, however, reversed. 
Just after the original Klein’s paper the problem was studied by Sauter, who considered both the Klein step [3] and a 
more realistic smoothed potential step, — aA tanh (x/a), which is called the Sauter potential Q. To avoid confusion, 
the Klein paradox should be distinguished from the Klein tunneling through the square barrier, e.g., see [l^ and 
references therein. This tunneling without an exponential suppression occurs when an electron is incident on a high 
barrier, even when it is not high enough to create particles. Approaches elaborated for treating quantum effects in the 
t-electric potential steps are not directly applicable to the x-electric potential steps. Some heuristic calculations of the 
particle creation by x-electric potential steps in the framework of the relativistic quan tum mechanics were presented 
by Nikishov in Refs. and later developed by Hansen and Ravndal in Ref [l4|. One should also mention the 

Damour work [l5j | , that contributed significantly in applying semiclassical methods for treating strong field problems 
in astrophysics. In fact, this work presents a first step to bridge the gap between approaches to quantum effects 
in potential steps developed within relativistic quantum mechanics and QFT. Using the Damour’s approach, mean 
numbers of pairs created by a strong uniform electric field confined between two capacitor plates separated by a finite 
distance was calculated in Ref [l^. A detailed historical review can be found in Refs. [12, Hi- Nikishov had tested 
his way of calculation using the special case of a constant and uniform electric field, which is possible both for the 
t-electric potential steps and the x-electric potential steps, see [iHH)- At that time, however, no justification for 
such calculations from the QFT point of view was known. 

Thus, we face a situation when a material that is commonly treated as a part of an introductory discussion to 
the relativistic quantum mechanics, see, e.g., 11 ^ ■ i s not studied completely and has not an unique interpretation in 
the research literature. For example, Nikishov (l7j| has pointed out an inconsistency in the interpretation given by 
Hansen and Ravndal [l2 |. In spite of the recognized achievements of this author in this area, there was no response 
to his observation. For the first time numerical simulations on space-time resolved data for the Klein paradox in a 
three-particle problem were reported in [T2 |. It was shown how electron-positron pairs are created and found that 
the results contradict to conclusions made in several works where the incoming electron was noted to “knock out” 
electrons from the step Q or to “stimulate” [l^l pair production. A clear reduction was shown instead of the suggested 
enhancement of the pair-production rate at those time instances, when the incoming electron wave packet overlaps 
spatially with the potential step. Recently, quantum simulations for the evolution of the Dirac spinor in the presence 
of linear potential with trapped ions were interpreted again as an electron transition to the negative energy branch, 
see Ref (lll| . 

Although the attempts to formulate a consistent QFT with potential steps as a background field [2 fl2 - [T5l [T3| have 
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not been completed, a general understanding was achieved that the Klein paradox is absent from a future consistent 
QFT. In the recent years the main attention of researchers was drawn to improving calculation technics, as well as 
to special calculations and applications. Though our present work is devoted to the formulation of such consistent 
QFT and contains some applications only in order to illustrate the general construction, we overview briefly, for 
completeness, some recent results obtained after the review [I^ had appeared. We restrict this brief review only 
to works, where the particle creation effect by potential steps is considered, leaving the works devoted to quantum 
relativistic motion in potential barriers or well potentials, where the problem of bound states is principal, aside. 
The main motivation for applications is due to a close connection between particle creation by strong electrostatic 
potentials, in particular, by the steps, and the Unruh effect, the phenomenon of particle emission from black holes and 
cosmological horizons, e.g., see reviews Recent progress in laser physics allows one to hope that particle 

creation effect will be experimentally observed in laboratory conditions in the near future (see Refs. [22| for a review). 
In achieving extreme field strengths, the inhomogeneity of the realistic field becomes important. There appears 
an interest to study the effect in realistic inhomogeneous fields, in the main by using semiclassical and numerical 
methods. The recent experimental demonstration of the dynamic Casimir effect, and a soon expected verification of 
an analog of the Hawking radiation by using superconducting circuit devices, associates these two academic problems 
with possible applications to condensed matter physics [^ . In the recent years, in what concerns applications to 
condensed matter physics, particle creation by external fields became an observable effect in physics of graphene and 
similar nanostructures, say, in topological insulators and Weyl semimetals, this area being currently under intense 
development [23-IT7I|. This is explained by the fact that although the physics that gives rise to the massless Dirac 
fermions in each of the above-mentioned materials is different, the low-energy properties are governed by the same 
Dirac kinematics. The gap between the upper and lower branches in the corresponding Dirac particle spectra is 
very small, so that the particle creation effect turns out to be dominant (under certain conditions) as a response 
to the external electriclike field action on such materials. In particular, the particle creation effect is crucial for 
understanding the conductivity of graphene, especially in the so-called nonlinear regime. Electron-hole pair creation 
(which is an analog of the electron-positron pair creation from the vacuum) was recently observed in graphene by its 
indirect influence on the graphene conductivity [^ . The conductivity of graphene modified by the particle creation 
was calculated in the framework of QED with t-electric potential steps in [^. It should be noted that the proof of 
the masslessness of charge carriers in graphene was obtained in studying the Klein tunneling through special potential 
barriers there. Soon after its theoretical prediction [30l| . the Klein tunneling in graphene, where the role of potential 
steps is played by p-n junctions, was observed by several experimental groups [sTj ] (For a colloquium-style introduction 
to this subject see and recent review HI).' Numerical modeling of the Klein tunneling through potential barriers 
in n-p-n and n-n’ junctions are in good agreement with theoretical predictions [s^. Note that a sharp n-n’ junction 
can be described by the step potential. However, electron’s kinetic energies considered in that work do not allow one to 
speak about particle creation effect. Possible experimental configurations for testing the pair creation by a linear step 
of finite length were proposed in Observation of the Klein paradox in the context of so-called quantum quenches, 
which can nowadays be performed in experiments with ultracold atoms, is proposed in In achieving extreme field 
strengths, the inhomogeneity of the field becomes important. A number of works have been done to estimate the pai r 
production rate for electric fields, whose direction is fixed and whose magnitude varies in one spatial dimension [36l.l37j|. 
These approaches are semiclassical, essentially WKB. A Monte Carlo world line loop method has been developed and 
applied to the vacuum pair production problem in Ref. [3^ . The world line instanton method, in which the Monte 
Carlo sum is effectively dominated by a single instanton loop, was extended to one-dimensional inhomogeneous fields 
in Refs. [s^. The agreement between these results is excellent. The world line instanton technique was extended in 
Ref. [i^ to compute the vacuum pair production rate for spatially inhomogeneous electric background fields, with the 
spatial inhomogeneity being genuinely two or three dimensional. A mathematical analysis of pair production rate by 
the Sauter potential was presented in Refs. [4l|, Loop corrections to two-point correlation functions in the case 
of the time-independent electric field given by a linear potential step were studied in Ref. [d^. 

In the present article, we consider a canonical quantization of the Dirac and scalar (Klein-Gordon) fields in the 
presence of the a;-electric potential step as a background [quantization of the action (12.7|) ] in terms of adequate in- and 
out-particles and develop a calculation technique of different quantum processes, such as scattering, reflection, and 
electron-positron pair creation. At the first stage of the quantization, a Dirac Heisenberg operator ^ (AT) that satisfies 
equal-time anticommutation relations and the Dirac equation, as well, is assigned to the Dirac field '<p {X) , see Sec. 
CYl However, the complete program of quantization includes also the second stage. At that stage we have to construct 
a Hilbert space of state vectors, where anticommutation relations are realized, and construct operators of all physical 
quantities of the system under consideration. For the free Dirac field this second stage of the quantization program 
is well known, see, e.g. The result is formulated in terms of a Fock space constructed on the base of creation 


and annihilation operators of free Dirac particles. For the Dirac field interacting with any external background, the 
first stage of the canonical quantization of the action (EH) gives the same above-mentioned result. But the second 
stage of the program has no universal solution suitable for any background. Each specific background, or a class 
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of backgrounds, has to be analyzed separately. Here it is desirable to find in- and out-creation and annihilation 
operators that allow one to have particle interpretation of the quantized Dirac field, as it was done in the case of 
t-electric potential steps in [^. In the case under consideration, the corresponding construction is possible, but it is 
more complicated (probably, not any background allows such interpretation of the quantized Dirac field). Another 
problem is related to the time-independence of the background under consideration. Whereas when considering t- 
electric potential steps that vanish at the time infinity one can naturally introduce certain in- and out-creation and 
annihilation operators starting first with the Schrodinger representation and then passing to the Heisenberg picture, 
this way of action is not possible in time-independent backgrounds. Now one must quantize in the Heisenberg picture 
from the very beginning. Then a new problem appears: how to identify in- and out-operators. When doing this, 
we believe that the time independent x-electric potential steps, as well as any constant electromagnetic field, is an 
idealization. In fact, any external field was switched on at a remote time instant tin, then it was acting during 
a very large period of time T, and finally it was switched off at another remote time instant tout = tin + T. We 
also believe that if T is large enough one can ignore effects of switching the external field on and off. Besides, to 
identify in- and out-operators it is important to perform a detailed mathematical and physical analysis of solutions 
of the Dirac and Klein-Gordon equations with an x-electric potential step. Such an analysis is presented below in 
Secs. m and uni where we introduce special in- and out- solutions of the Dirac and Klein-Gordon equations that 
are used in the quantization program. It is here that we give their physical interpretation to be confirmed further 
after the quantization has been fulfilled in Secs. El ED and IVHI In the latter sections we present a calculation of 
different quantum processes such as scattering, reflection, and electron-positron pair creation. In Sec. IVHIl we discuss 
quantum processes in complete QED and construct effective particle propagators in terms of the in- and out-solutions 
introduced. In Sec. |lX]the developed theory is applied to exactly solvable cases of a:-electric potential steps, namely, 
to the Sauter potential, and to the Klein step. Finally, we present a consistent QFT treatment of processes where 
a naive one-particle consideration may lead to the Klein paradox. In Appendix E] we consider some peculiarities of 
the quantization of the scalar field in the Klein zone. In Appendix |B] we have studied the orthogonality relations on 
the hyperplane t = const, for the different ranges of quantum numbers. In Appendix [C] we have studied one-particle 
mean values of the charge, the kinetic energy, the number of particles, the current, and the energy flux through the 
surfaces x = xi^ and x = xr . In Appendix |D] we show that stable electron wave packets in the Klein zone can exist 
only in the left asymptotic region, whereas stable positron wave packets can exist only in the right asymptotic region. 
The main contributions to the particle creation processes in a slowly alternating Sauter field are found in Appendix 

E 


II. DIRAC EQUATION WITH ^-ELECTRIC POTENTIAL STEP AS AN EXTERNAL BACKGROUND 


First, we describe a typical a:-electric potential step, for which our construction is elaborated. 

Potentials of an external electromagnetic field {X) \n d = D + \ dimensional Minkowski space-time parametrized 
by coordinates A, 

A = (A^ /r = 0,l,...,D) = (t,r), X^ = t, v={X\...,X^) (2.1) 

that correspond to an x-electric potential step are chosen to be 

A>^{X) = {A°{x),A^ =Q, j = l,2 ,...,D), = (2.2) 

so that the magnetic field B is zero and the electric field E reads 

E(A) = E(x) = (F,(x),0,...,0), E^{x) = -A'^{x)=E{x). (2.3) 

The electric field (12.31) is directed along the axis = x, it is inhomogeneous in the a:-direction, and does not depend 
on time t [E (x) is a constant field]. The main property of any x-electric potential step is 


Aq (x) Aq (±oo), E (x) 0, 


(2.4) 


where Aq (±oo) are some constant quantities, which means that the electric field under consideration is switched off 
at spatial infinity. In addition, we suppos^U that the first derivative of the scalar potential Aq (x) does not change its 
sign for any x G M. For definiteness sake, we suppose that 


K < 0 


E (x) = —A'q (x) > 0 
Aq (-OO) > Aq (-I-OO) ’ 


(2.5) 


That means that we do not consider external electric fields that can create bound states for charged particles. 


1 
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FIG. 1. x-electric potential step 


and that there exist points xl and xr (xr > xp) such that for x G S'l = (—00, xp] and for x G S'r = [xr,oo)) the 
electric field is already switched off, 

"^o(a;)|,,gSL =^o(-oo), E (x)j^^s^ = 0, 

A ix)\^^sn = ^0 (+'^) ’ ^ (^)LgSr = (2-6) 

whereas the electric field is not zero in the region ^int = (xp, xr). It accelerates positrons along the axis x in positive 
direction, and electrons in the negative direction. 

As an example of the x-electric potential step, we refer to the Sauter potential @ given by Eq. (19.ID . 

Both the scalar potential Ao(x) and the corresponding electric field E{x) are shown on the same figure Fig.[T] 

Then in the d = D+1 dimensional (dim.) Minkowski space-time, we consider a classical Dirac field ip (X) interacting 
with an external electromagnetic field A^^{X) (external background) representing an x-electric potential step. The 
action of this system has the forrr 0 

5 = JiPiX) [7^P^ -m]ip iX) dX, = id^ - qA^iX), (2.7) 

where ip = ip^A^ ^-nd dX = dtdr. 

The classical Dirac field describes particles of a mass m and with a charge q. The corresponding quantum theory is 
already charge symmetric, and contains particles of the both signs of charges ±|g|. We suppose thaid q = —e, which 
means that we consider electrons as basic particles and positrons as their antiparticles. 

In d dimensions, the Dirac field ip {X) is a column with components (we call it just a spinor in what follows), 
and 7 ^ are x 21 '^/^! gamma-matrices, see e.g. 

=277^'", =diag(l,/x, = 0 , 1 ,..., D. 

'-V-' 

d 

The Dirac field ip (X) satisfies the Dirac equation — m) ip = 0, which, when written in the Hamiltonian form, 

reads (we have taken into account that A = 0 for x-electric potential steps), 

idoip {X) = Hip {X), H = dj + m) + U (x), (2.8) 

where H is the one-particle Dirac Hamiltonian and 

U (x) = qAo (x) = —eAg (x) (2.9) 

is the potential energy of the electron in the x-electric potential step. It should be noted that H does not depend on 
the time t in the background under consideration. 


^ Here we are using the natural system of units h = c = 1. 
® e > 0 is the magnitude of the electron charge. 
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III. STATIONARY STATES WITH GIVEN LEFT AND RIGHT ASYMPTOTIGS 

A. General 

Let us consider stationary solutions of Dirac equation (I2.8|) , having the following form 

Ip (X) = exp (-ipot + ip_Lr_L) ( 2^)5 ^ rj_), 

V'po.pr (x) = { 7 ° [po - U (x)] - - 7 j_Pj_ + m} (ppo,p^ (x), 

ru = (X^,...,X^) , pj^ = (p^,...,p^) , 7 _l = ( 7 ^,..., 7 ^) , Pa) = (3.1) 

where ippg,pj^ (x) and ippo,p^(x) are spinors that depend on x alone. In fact these are stationary states with the 
energy po and with definite momenta pj_ in the perpendicular to the axis x directions. Substituting m into Dirac 
equation (12.81) (i.e., partially squaring the Dirac equation), we obtain a second-order differential equation for the 
spinor <))po,p^(a:), 

[pI - (x) - [po - U {x)f + p]_ + 171 "^^ (pp^^p^ix) =0. (3.2) 

We can separate spinning variables by the substitution 'ppo,p±i^) — where p is a constant spinor that is 

an eigenvector for the operator and p{x) are some scalar functions. The latter operator has two eigenvalues 

X = ±1, such that 7 *^ 7 ^% = X'^x- addition, in d > 3, equation (13.21) allows one to subject the constant spinors 
to some supplementary conditions that, for example, can be chosen in the form 

= o’s'Cx.o- for even d, 

= '^sVx,a for odd d, 

a=(as = ±l, s = l,2,...,[d/2]-l)), (3.3) 

where the quantum numbers Us describe spin degrees of freedom (in (1 -|- 1) and (2 -|- 1) dimensions (d = 2,3) there 
are no spin degrees of freedom described by the quantum numbers a). In what follows we choose the spinors 
orthonormalized, r’f a = x'^^ ■ Taking all the said into account, we use the following substitution in equation 

dsa): . . . , 


«^P 0 ,P_L i^) Vx,cr, n = (po, Pj_, cr). (3.4) 

Then scalar functions (a;) have to obey the second order differential equation 

[pI - ixU' (x) -[po-U {x)f -f pi -f TO^I (x) = 0. (3.5) 

Thus, we are going to deal with solutions dSTD of the form 

(X) = exp {-ipot + ip±r±) (x ), Hipi^'> = poV'i^i 

(x) = { 7 ° [Po - (a;)] - q^Px - 7 ±Pj_ -f mj (x) . (3.6) 

One can easily verify (this is a well-known property related to the specific structure of the projection operator in 

the brackets {...}) that solutions ip^'^ (X) and ip^ ^ (X) p.6l) . which only differ by values of x are linearly dependent. 
Because of this, it suffices to work with solutions corresponding to one of the possible two values of x- That is why, 
we sometimes omit the subscript x ia the solutions, in such cases it is supposed that the spin quantum number x is 
fixed in a certain way. Due to the same reason, there exists, in fact, only = 21'^/^!“^ different spin states (labeled 
by the quantum numbers a) for a given set po, P_l. Special examples of solutions (13.61) are given in Sec. IIXI 

A formal transition to the case of scalar field can be done by setting y = 0 in Eq. (13.51) , p„ (x) = (x). Then 

one can find a complete set of solutions of the Klein-Gordon equation in the following form 

■)/'„ (X) = exp (-ipot -I- ip_Lrj_) p„ (x), n=(po,pj.). (3.7) 

In what follows, we are going to use solutions (EH) and (1X71) with special left and right asymptotics. Let us describe 
these solutions. In such solutions the functions pn (x) (with the omitted index y) are denoted as ^p„ (x) or ^p„ (x), 


respectively, and satisfy the following asymptotic conditions [we recall that A'q {x) = 0 and the scalar potential Aq (x) 
takes constant values in the regions and 5 'r, see Eqs. (I^ .j 


(x), X e Sl = (-oo,xl] , 


+ (a;) =0; 

(3.8) 

(a:), X € Sr = [a;R,oo), 


+ '^l'\Pn (a;) = 0- 

(3.9) 


Here we have introduced the quantities ttq (L/R) , 

TTo (R) =po - Ur, tto (L) =po- Ul, ttj, = 
t/L = t/(-oo), Ur = U{+oo), 


(3.10) 


Since po is the total energy of a particle, we interpret ttq (R) and ttq (L) as its asymptotic kinetic energies in the regions 
Sr and S'l respectively. We call the quantity 7rj_ the total transversal energy or, for simplicity, the transversal energy 
(in spite of the fact that it includes the rest energy as well). The introduced kinetic energies satisfy the relation 


TTo (L) = TTo (R) + U > TTo (R) , 
where U is the magnitude of the electric step, 

U = C/r - Ul > 0 . 


(3.11) 

(3.12) 


At the same time one can see that in the asymptotic regions S'l and Sr solutions of the Dirac equation ipn (A) are 
eigenfunctions of the operator H — U (x) with the eigenvalues ttq (L) and ttq (R), respectively. Thus, it is natural to 
call this operator the kinetic energy operator 


= H - U (x), Sr'^'>„(A) 


rc—^±oo 


= ^o(R/L) V^„(A)| 


x—>-±oo ■ 


(3.13) 


One-particle kinetic energy operator of the scalar field [this field satisfies the Klein-Gordon equation written 
in the Hamiltonian form (14.21) ] has the same asymptotic properties. 

Equation (13.81) has a complete set of solutions (right asymptotics) in the form of plane waves. 


‘’A/'exp(ip^ x) , 

with real momenta p^ along the axis x, 

p^ = C\/[7ro (R)]^ - ttI, C = sgn (p^) = ±. 

The corresponding solutions (|3.6I) of the Dirac equation are denoted as (A). They satisfy the condition 

Px^ll^n{X) =p^ ^IpniX) , X^+OO, 

i.e., these are states with definite momenta as a: —>■ -l-oo. 

Nontrivial solutions '^'4’n (A) exist only for quantum numbers n that obey the following relation 


K (R)]" > 


TTo (R) > 7r_L 

TTo (R) < -7r_L 


Equation (13.91) has a complete set of solutions (left asymptotics) (x) in the form of plane waves, 

‘PnX (^) = C-^exp (ip^ x) , 

with real momenta p^ along the axis x, 

= C\/[7ro(L)]^-7r^, C = sgn(p^)=±. 


(3.14) 


(3.15) 


(3.16) 


(3.17) 


(3.18) 


(3.19) 
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Po 



FIG. 2. Potential energy U (x) of electrons in an x-electric step 


The corresponding solutions (13.61) and (13.71) are denoted as (X). They satisfy the condition 

Px cV'n (4’n (X) , X -)■ -oo , 

i.e., these are states with definite momenta p^ as x ^ —oo. 

The normalization factors M are determined in the next section. 

There exists a useful relation between absolute values of the momenta p^ and p^, 

\p^\ = \J\p^f + 2?7rUy^ \p^f + n]_+ U2, 

|p^| = \J\p^f - ‘^ViJ^\/\p^f +7’"! +U2, 

where rjh = sgn tto (L), rjR = sgn ttq (R) . 

Nontrivial solutions (^tpn (^) exist only for quantum numbers n that obey the following relation 


N (L)f >7ri 


TTo (L) > 7r_L 
TTo (L) < -7r_L 


(3.20) 


(3.21) 


(3.22) 


In what follows we distinguish two types of electric steps, noncritical and critical, by their magnitudes as follows: 


J U < Uc = 2 m , noncritical steps 
U > Uc, critical steps 


(3.23) 


B. Ranges of quantum numbers 

There exist some ranges of quantum numbers n where solutions (x) have similar forms. These ranges and the 
corresponding solutions are described below. 

In the case of the critical steps, which is of the main interest for us in the present article, there exist five ranges 
flk, k = 1, ..., 5. We denote the corresponding quantum numbers by Uk, so that Uk € ftk, see Fig. [51 

It should be noted that the curve plotted on Fig. 2 is the potential energy U (x) (EH) of an electron in the cc-electric 
step, such that electrons are accelerated to the left and positrons to the right by the electric field (12.31) . 
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In the case of critical steps U > Uc, the range Ila does exist for the quantum numbers p_L restricted by the inequality, 

27rx < U . (3.24) 

Note that the range fla often referred to as the Klein zone. In the case of noncritical steps U < Uc, there exist only 
four ranges, the range Ila is absent. 

The manifold of all the quantum numbers n is denoted by fl, so that fl = fli U • • • U 

Below, we describe all the ranges in detail. In this connection, it should be noted that the ranges and IIs are 
similar to the ranges 112 and IIi under the change of electrons by positrons. 


1 . Ranges 17 1 and Q 5 

The ranges fli and fis exist for any U and includes the quantum numbers ni and n^, respectively, that obey the 
inequalities 


Po > Ur + 7 rj_ <;=^ ttq (R) > 7 rj_ if n e fli, 

Po < Ul — 7 r_L —TTo (L) > 7 r_L if n G fls (3.25) 

for a given 7 rj_, see Fig. 2. Note that the inequalities p.25l) imply the inequalities (|3.22l) for m and (13.171) for 715 . 
Then it follows from Eqs. (13.2511 that in the ranges 17i and fis there exist solutions ‘'ipn {X) and (ipn {X). ‘’ijjn (X) 
can be interpreted as either a wave function of electron for ni or a wave function of positron for with momenta p^ 
along the axis x, given by Eq. (13.151) . whereas Qipn (X) can be interpreted as either a wave function of electron for 
ni or a wave function of positron for 715 with momenta p'^ along the axis x, given by Eq. ()3.19p . The further analysis 
of these solutions in the framework of QED, given in the Sec. IIVI confirms this interpretation. 

We believe that each pair of solutions {X), ^ = ± , forms a complete set for any given 77 G Hi U fls, the same 
is true for each pair of solutions (^)- This means that any given solution (Jf) can be decomposed in terms 
of two solutions -ipn (W) and +' 4 ’n (^), whereas any given solution Qtpn (-^) can be decomposed in terms of two 
solutions {X) and ~'ipn {X) in the ranges IIi and IIs . 


2. Ranges Q 2 and 174 

The ranges 172 and 174 exist for any U and include the quantum numbers 712 that obey the inequalities 

Ur - 7r_L < Po < Ur + 7r_L, TTo (L) > 7rj_ if 27r_L < U, 

Ul + 7r_L < Po < Ur + 7r_L if 27r_L > U, (3.26) 

and the quantum numbers 714 that obey the inequalities 

Ul - 7r_L < Po < Ul + 7rj_, ttq (R) < -7rj_ if 27r_L < U, 

Ul — 7r_L < Po < Ur — 7rj_ if 27r_L > U. (3.27) 

As a consequence of Eqs. (13.261) and (13.2711 there exist solutions (AT) with definite left asymptotics and (W) 
with definite right asymptotics. i^) and ‘’ipm (-A) can be interpreted as a wave function of electron and positron, 
respectively. Nontrivial solutions '“V’na (-^) and (tpm (W) do not exist, since Eq. ()3.26p contradicts Eq. (13.171) and 
Eq. (j3.27p contradicts Eq. ()3.22ll . 

The fact that any solution with quantum numbers 712 has zero right asymptotic and any solution with quantum 
numbers 714 has zero left asymptotic imposes restrictions on the form of the solutions (ipn 2 (Af) and (Ai). In 
particular, they cannot be independent for different C. For example, because the set (A^) is complete, any solution 
'0n2 (Al) can be represented as 


7/-„2 (^) = + (^) c+ + {X) c_ . (3.28) 

In the region Ur the superposition (-A) has zero asymptotics and therefore the corresponding Dirac current in 
x-direction is zero. Using this consideration one can easily find that |c+| = |c_|, such that Eq. (13.281) can be written 
as 


-iB; 


2 


V'n2 (a:) = + ■!/'n2 (X) (X) e 


(3.29) 
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Following by the same logic, one sees that in the region S'l the only allowed superposition of {X) and i/jn^ 

has zero asymptotics and therefore any solution 'ijjn 2 (X) can be written as 

{X) = {X) e+*®’‘4 + (X) . (3.30) 

In fact, '4’n2 (X) are wave functions that describe an unbounded motion in a; —>■ —oo direction while ipm are 
wave functions that describe an unbounded motion toward x = +oo. Equations p.29p and (13.301) provide asymptotic 
forms for these wave functions. These forms are sums of two waves traveling in opposite directions, with equal in 
magnitude currents, which means that we deal with standing waves. 


3. Range 0.3 

In the fla-range (in the Klein zone) the quantum numbers pj_ are restricted by the inequality (13.2411 and for any of 
such 7 r_L quantum numbers po obey the double inequality, see Fig. O 


Ul + TT± < po < Ur-T r±. (3.31) 

Inequality (13.311) implies also that ttq (L) > tt± and ttq (R) < — 7 rj_. It follows from this inequality that there exist 
solutions {X) (see condition (13.171) 1. On the other hand, since the inequality (13.311) implies ttq (L) > 7 r_L and 

(13.221) . there exist solutions Q'lpui as well. Thus, in the range O 3 there exist the following sets of solutions 

{«V'n3(^)}, C = ±- (3.32) 

However, the one-particle interpretation of these solutions based on energy spectrum in a similar way as has been 
done in the ranges Hi and becomes inconsistent. Indeed, it is enough to see the following contradiction; from the 
point of view of the left asymptotic area, only electron states are possible in the range fla, whereas from the point 
of view of the right asymptotic area, only positron states are possible in this range. Detailed consideration in the 
framework of QED shows (see Sec. I VIII) that in a certain sense the solutions (V) describe electrons, whereas 
the solutions Ans {X) describe positrons. 


C. Orthogonality, normalization and completeness 

In this subsection we study orthonormalization, mutual decompositions and completeness of the solutions introduced 
above. To this end it is convenient to use two types of inner products in the Hilbert space of Dirac spinors. One of 
them is defined on the hyperplane x = const, and the other on the hyperplane t = const. 


1. Using inner product on x-constant hyperplane 

Let us start with the inner product on the hyperplane x = const. For any two Dirac spinors '0 (X) and A (X) it 
has the form 


(V', V'Ox = / AAA (^) dtdv^ . (3.33) 

Due to the t-independence of the external field that corresponds to the x-electric potential steps, we can provide 
cc-independence of the inner product (13.331) for two solutions of the Dirac equation by imposing periodic boundary 
conditions in the variables t and X^, j = 2,..., D. Thus, we consider our theory in a large space-time box that has a 

D 

spatial volume Vj. = 0 Xj and the time dimension T, where all Kj and T are macroscopically large. It is supposed 

J=2 

that all the solutions tp (X) are periodic under transitions from one box to another. Then the integration in (13.331) 
over the transverse coordinates is fulfilled from —Xj/2 to +Kj/2, and over the time t from —T/2 to -l-T/2. Under 
these suppositions, the inner product (13.331) does not depend on x. The limits Kj —>■ 00 and T —)> 00 are assumed in 
final expressions. 

It should be noted that usually QFT deals with physical quantities that are presented by volume integrals on the 
hyperplane t = const. However, if we wish to extract results of the one-particle scattering theory from a classical field 
theory, all the constituent quantities, such as reflection and transmission coefficients etc., have to be represented with 
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the help of the inner product (13.331) on the hyperplane x = const. Indeed, in such a theory we observe, for example, 
electric current, energy flux, or other types of currents flowing through surfaces x = const situated in asymptotic 
regions. In addition, we suppose that all the measurements are performed during a macroscopic time (say, the time 
T) when the external field can be considered as constant. Then the currents under consideration can be represented 
by integral of the form T~^ dt... . 

We note that for ijj' = ip the inner product (13.331) divided by T represents the current of the Dirac field ip {X) across 
the hyperplane x = const. For nondecaying wave functions this current differs from zero. 

For two different solutions of the form (13.6|) the integral in the right-hand side of Eq. (13.331) can be easily calculated 
to be 


(■*/'«, 1= gi (x) (x) ■ (3.34) 

Using the structure of spinors one can represent the current density I as follows 

^=^1 (x) [Po -U{x)+ X^dx] p'n {x) ■ (3.35) 

Let us consider solutions { (ipn (-^)} and { ‘-ipn (-^)} with left and right plane-wave asymptotics, respectively. They 
are orthogonal for different n and can be subjected to the following orthonormality conditions 

( c'^n, = CVLS(X'^ri,n', Vh = SgU TTq (L) , n G U D 2 U D 3 U D 5 , 

(^^'Ipn, ^ = Sgn TTq (R) , 71 G Di U D 3 U D 4 U D 5 . (3.36) 

In justification of (13.361) one has to take into account that for these states the relations 

ko (L)| > |p^|, ko (R-)l > \p^\ 

hold. This fact explains why the sign of the inner products, which coincides with the sign of I is due to the sign of 
the quantity ttq (L/R). 

Then the normalization factors [with respect to the inner product (13.331) ] in solutions of the Dirac equation that 
have plane-wave asymptotics (13.141) and (13.181) have the form 

^J\f = ^CY, ‘^CY, Y = {V±T)-^^^, 

cC = [2 |p^| Ko (L) - XP^|] = [2 Ko (i?) - XP^|] (3.37) 

In the Kj -x oo and T —>■ oo limit one has to replace Sn,n' in normalization conditions (13.361) by do-.o-'d {po — p'q) S (pj_ — p'^) 
and to set Y = in Eqs. (13.371) . 

As was assumed, see subsection IIII B[ each pair of solutions c^'tpn (AT) and ^ipn {X) with given quantum numbers n G 
Di U D 3 U Do is complete in the space of solutions with each n. Due to (13.361) the corresponding mutual decompositions 
of such solutions have the form 


rti^ ^ipn (a:) = +ipn (AT) g (+ 1“^) - 

??RC'^"(Ai)= (^)5 K Ic)- 

where decomposition coefficients g are given by the relations: 


-tpn {X)g{- 1^) , 
-V'„(X)5(-|c), 


(3.38) 


( ckn, ( C > 9 ^ k) = 9 C ^ ) > nGDiUD 3 UD 5 . 


(3.39) 


Substituting (13.381) into orthonormality conditions p.36l) . we derive the following unitary relations for the decom¬ 
position coefficient^ 


5'('’ \+) 9 { + \^) - 9 l-)5(-n = CVhVRS^x' : 

5'( C' K)5( Ic) - 5 ( C' K)5 ( ■ Ic ) = CdLmkx' ■ (3-40) 


^ Similar relations are known in the t-electric potential steps, see Q. 
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In particular, these relations imply that 

i5(-r)r=k(+i-)^ i5(+r)r=i5(- 


,2 g(+|-) g(+|-) 

g(+l+)' 


(3.41) 


One can see that all the coefficients g can be expressed via only two of them, e.g. via g (+ I’*') and g (+ | ). However, 
even the latter coefficients are not completely independent, they are related as follows: 

k (+ r)l^ “ k (+ = -^LgR- (3.42) 

Nevertheless, in what follows, we will use both coefficients g (+ |“ ) and g (+ |^ ) in our consideration. This maintains a 
certain symmetry in writing formulas and, moreover, allows one to generalize the consideration to the cases when the 
inner potential may depend on several space coordinates and to the case when solutions { (>^)} and { ‘’il’m (^)} 

are characterized by different sets of quantum numbers, i.e., the sets n and m do not coincide. 

For any two solutions tp and ip' (X) of the Klein-Gordon equation, the inner product on the hyperplane x = const 

has the form 


(V', '00a; = y ~ 'O' (^) 


(3.43) 


Orthonormality conditions for solutions of the Klein-Gordon equation can be presented in form (I3.36|) where gn = 
gR = 1. The normalization factors with respect to inner product (13.431) are 

= C.CY, ^N=^CY, c,C =\2p^\~^'^, (3.44) 

where the factor Y is given by (j3.37|) . In the Klein-Gordon case all the relations presented above and that include 
coefficients g hold true with the setting gn = gR = 1- 


2. Using inner product on t-constant hyperplane 


We recall that usually the inner product between two solutions ip (X) and ip' (X) of the Dirac equation is defined 
on t-const. hyperplane as follows: 


(^,00 = J 0 ^ W0' {X)dr. 


(3.45) 


Such an inner product does not depend on the choice of the hyperplane (does not depend on t) if the solutions obey 
certain boundary conditions that allow one to integrate by parts in (13.4511 neglecting boundary terms. Since physical 
states are wave packets that vanish on the remote boundaries, the inner product (13.4511 is time-independent for such 
states. However, considering solutions that are generalized states, which do not vanish at the spatial infinity, one 
should take some additional steps to keep the inner product (13.451) time independent. Sometimes to do this it is enough 
to impose periodic boundary conditions (in all spatial directions) on Dirac wave functions and on the corresponding 
external field. However, in the case under consideration, the external field Aq (x) of a:-electric potential steps with 
different asymptotics at a: —>■ ±oo cannot be subjected to any periodic boundary conditions in x-direction without 
changing its physical meaning. That is why, to provide the time independence of the inner product, one has to extend 
the definition of the inner product. Under the assumption that solutions with quantum numbers n form a complete 
set of function in the corresponding Hilbert space at each time instant t, it is enough to make such an extension for 
a pair 0„ (X) and 00 (X) with all possible n and n'. Such an inner product is described below. 

Let ipn (X) and ip'^, (X) be solutions of the Dirac equation that were described in the previous subsections IHI Al 
and IIII B1 They allow one to impose periodic conditions in the coordinates X-l, j = 2,...,D with periodicity Kj (of 
course it implies quantization of the corresponding transverse momenta). Then the inner product for the pair 0„ (X) 
and 00 (X) is defined as follows: 


( 0 n; 00 ) = 




drjL j 0i(X)00 (X)dx, 

-Ki^) 


D 

Vx = l[K, 

3=2 


(3.46) 


and the limits —>■ oo are assumed in final expressions. As it is demonstrated in Appendix m the so-defined 

inner product is time-independent. In what follows the improper integral over x in the right-hand side of Eq. p.46l) 
is reduced to its special principal value to provide a certain additional property important for us . 
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Finally, we obtain the following orthonormality relations, see details in Appendix iBl 


( — ^n,n '^ ^ U H3 U H5 , 

(V^n; l/’nO “ ^n, 7 i'-^n^ Tl^Tl ^ H2 U H45 


Mn = 2 

M„ = 2 


k^-r) 

T 

i^lR) 

T 


TTo (R) 


TTo (R) 




|g (+|+)|^ + O (1), neOiUfls, 

k (+ I ) I + ( 1 ) > "R ^ ^3, 


(3.47) 


where A4„ for n G fl 2 U 174 are given by Eqs. (IB 6 |) . It follows from Eqs. (13.471) that densities (in the x-direction) 
of the wave functions * = 1, 3, 5 are dominating in the region 5 'j 4 , whereas the densities of the wave functions 

i = 1,3, 5 are dominating in the region Si,. 

In the limit TsTIl/r) —>■ 00 , with the account of condition (IB15I) . we obtain solutions normalized to the i5-function. 


( C'^n> C^n') = ( {PO “ Pq) S (p_L “ P^) Mn, n, fl' & Qi U fls U fir, , 

{'ipn,'ipn') = Scr,a'S {po - Pq) S (pj_ “ p'j.) , U, u' G O 2 U fl4; 

A4„ = |g (+| + )|^ , nGfliUHs; A4„ = [5 (+|“ ) |^ , n G fls- (3.48) 


We recall that the inner product between two solutions ip {X) and ip' (A) of the Klein-Gordon equation is defined 
on t-const. hyperplane as follows as a charge, 

{iP,r) = /$^(^)(? j)‘J>(^)dr, 4>(A)=(^[*^*-^gj^W). (3.49) 

It is proportional to the field charge ii Tp = Tp'. It is assumed that the improper integral over x in the right-hand side 
of Eq. 1)3.491) is treated as its special principal value, in the same spirit as in the Dirac case. One can verify that with 
this inner product the following orthonormality relations hold 


(V^n J'*/’„') — 0, n rp, n , Vu, u ; (ppn 2 ,'pn',^') — ^n 2 ,n!^Mln 2 , (pPn 4 ,'Pn'^') — 

( Qpn, ^Pn) — dj ( ^Pn, ^Pn'^ — ( Qpn, (^Pnp — Sgn TTg (L) Sn,n'Mlji , R G fix U 175 , 

( i;pn, ‘'pn) = 0, ( ^pn, ‘'Pn') = “ ( cV’n, Cpn') = ^n.n'Mn, n G Oa, (3.50) 


where Mn are given by Eqs. (13.471) . Unlike the Dirac case, there are ± signs in the right-hand side of Eq. (13.501) . 
Then it is natural to suppose that the solutions (^pns, Pni, (^Pn^, and ^pn^ describe positron states. 

Thus, both for the Dirac and the Klein-Gordon equations, for each set of quantum numbers n, there exist one or 
two complete sets of solutions 

(a) Eor Vn G 111 U ^^5 we have two (C = ±) sets: { ^pn (A) , ~‘’pn (A)}. 

(b) For Vn G fls we have two (^ = ±) sets: { c,Pn (AT), ^pn (7^)} . 

(c) For Vn G 172 U ^74 we have the set {pn{X)} . 

We believe that all these solutions allow one to construct two complete (at any time instant t) systems both in 

the Hilbert space of Dirac spinors and in the Hilbert space of scalar fields. In the Dirac case, this assumption 

is equivalent to the existence of the propagation function G (A, A') in the space of solutions, which satisfies the 
boundary condition 


G{X,X%^,, 


5 (r - r'), 


(3.51) 
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and has the following form 

5 

G{X,X')=Y,G, {X,X'), 

G, (X, X') = ^ (X) V't^ (X') ,* = 2,4; 

rii 

G. (X,X') = (^) +^l {X') + -V'™. (X) (X')] 

rii 

= J2M-} [ (X) _^|:l (X') + (X) (X')] , i = 1,5; 


Ga (X,X') =Y.M-^ [ (X) +< (X') + +*/>„3 (X) +i^l (X')] 

na 

= [ -V'na (^) -V'ia (^') + "V’na (^) “V'L (^')] • 

na 

The propagation function G (X, X') in the space of scalar fields satisfies the boundary condition 


G {X, X')|,=,, = 0, [^^t - U (x)] G (X, X%^^, = Sir - r'), 


and can be presented as 


(3.52) 


(3.53) 


3 5 

G (X, X') = ^ G, (X, X') - ^ G, (X, X'), (3.54) 

i=l i—4: 

where Gi (X, X'), i = 1,2,4, 5, have the form given by Eq. (13.521) with clear understanding that ipm (-^) are scalar 
fields. The only G 3 (X, X') component has distinct form 

Ga (X,X') =J2M-^ [- (X) +Ca iX') + +V'na (^) +Ca (^')] 

na 

= E [- -V’na (^) -Ca (^') + "V’na (^) "Ca (^')] ■ (3-55) 

"3 

It should be stressed that there are two equivalent representations for each propagation function Gi (X, X'), i = 
1,3,5. In addition, our further construction is based on the assumption that Dirac spinors (a) and (b) are divided in 
the in-and out-solutions as follows: 

in - solutions : +'!/'ni, “V'm; -V'ns, -'^na, “V'na , 

out - solutions : -Ipm, -l-l/’na, ^V’na, (3.56) 

while for scalar fields, the classification in the range Da differs from the one given by Eq. (13.561) due to positions of 
the left superscripts and subscripts ±, 

in- solutions : -'i/’na, +i’n 3 , “''V’na , 

out - solutions : -V'm, -l-l/'ns, "f/'ns; -f/'na, "V'na- (3.57) 

There exist difficulties in interpreting the states ^V'na (^) ^^.d ^ipna (X) in the framework of the one-particle 
theory. There existed different point of view on such an interpretation, see [2, fl^ and [l3| . A consistent interpretation 
can be obtained in the framework of QED and is presented in Sec. EH 


IV. QUANTIZATION IN TERMS OF PARTICLES 

In this and in the following sections, we treat the Dirac and the scalar fields in terms of adequate in- and out-particles. 
On the base of results of Sec. uni we decompose quantum field operators in complete sets of the corresponding solutions 
introducing some annihilation and creation operators. Then using the well-known equal time (anti)commutation 
relations for the quantum fields we establish (anti)commutation relations for the introduced operators. The problem 
of an identification of these operators as in and out annihilation and creation operators is considered in Secs. Ei-Ein 
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The Dirac Heisenberg operator 'h (X) is assigned to the Dirac field -0 {X). This operator satisfies the Dirac equation 
(12.81) and the anticommutation relations 

e.g., see [43.l4l|. 

The Klein-Gordon Heisenberg operator (X) is assigned to the scalar field ij} {X). In terms of the canonical pair 


= 0 , 


{X') 


= S{r -r') 


(4.1) 


|.(X) = 


iHt (X) 


it satisfies the Klein-Gordon equation, 


[idt - U (a;)] $ (X) = (X ), = 1 " 


_ f 0 — (dj)^ + m? 


and the commutation relations 

$(X),$(X') 


= 0 , 


$ (X), {X') 


= ^(r-rO(; J 


(4.2) 


(4.3) 


e.g., see [4J, |4^. Here is the one-particle kinetic energy operator It follows from Eq. (14.2p that 


iH^ (X) = [idt - U (x)] # (X). 

The further quantization of the scalar field can be done in the same manner as the quantization for Dirac field. 
That is why, in what follows up to Sec. IVHIl we consider only the quantization of Dirac field in detail, adding some 
comments about the scalar field when necessary, see Appendix |A] for some peculiarities of the quantization in the 
range H 3 . 


A. Introducing creation and annihilation operators 

We consider the most interesting case U > 2m of the critical steps. In this case we decompose the Heisenberg 
operator of Dirac field 'h (X) in two sets of solutions! Qtpn (A)} and { '’ipn (X)} of the Dirac equation (12.81) complete 
on the hyperplane t = const. Operator-valued coefficients in such decompositions do not depend on coordinates 
because both ^ (X) and the complete sets satisfy the same Dirac equation (12.81) . Our division of the quantum 
numbers n in five ranges, implies the representation for 4/ (X) as a sum of five operators 4'^ (X), i = 1, 2, 3,4, 5, 

5 

'I'(X)=^4',(X). (4.4) 

For each of three operators (X), i = 1,3,5, there exist two possible decompositions according to the existence 
of two different complete sets of solutions with the same quantum numbers n in the ranges Hi, H 3 , and H 5 , see 
completeness relation (13.521) . Thus, we have: 

^1 (A) = [ +a„i(in) +V’„i (A) -f “a„,(in) “i/'ni (A)] 

ni 

= [ +a„i(out) +V’ni (A) -b _a„i(out) -V’m (A)] , 

ni 

^3 (A) = [ “a„3(m) (X) -b -&],3(m) .i/'na (A)] 

ns 

= [ +a„ 3 (out) +V’n 3 (A) -b + 6 ^ 3 (out) +V’n 3 (A)] , 

ns 

4/5 (A) = [ +&l 3 (in) (A) + -&], 3 (in) (X)] 

ns 

ns 


(4.5) 
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There may exist only one complete set of solutions with the same quantum numbers 712 and 714 . Therefore, we have 
only one possible decomposition for each of the two operators 'I'i (X), z = 2,4, 


4-2 {X) = ^ (X) , ^4 {X) = ^ (X) . 

712 714 


(4.6) 


We interpret all a and b as annihilation and all and as creation operators; all a and a) are interpreted 
as describing electrons and all b and b^ as describing positrons; all the operators labeled by the argument in are 
interpreted as in-operators, whereas all the operators labeled by the argument out as out-operators. 

In this connection, we reiterate that the time-independence of the external field under consideration is an ideal¬ 
ization. In fact, it is supposed that the external field was switched on at a time instant tm, then it was acting as a 
constant field during a large time T, and finally it was switched off at a time instant tout = tm + T, and that one can 
ignore effects of its switching on and off. Then we suppose that in the Schrodinger picture one can introduce creation 
and annihilation operators of particles at the initial and final time instants. In the Heisenberg representation, these 
operators when being developed to zero time instant are called in-operators and out-operators. It is the well-known 
procedure in QFT with t-electric potential steps. Technical realization of this construction was presented in Refs. 

In QED with constant fields, in particular, with the x-electric potential steps, we quantize directly in the Heisenberg 
representation. And here we encounter the problem of identification of in-operators and out-operators. Its final 
solution is presented in Sec. EllYIl and IVHl 

Taking into account the orthonormalization relations (13.471) and the completeness relations (13.521) , we find that the 
anticommutation relations dSI) for the Heisenberg operator (14.41) yield the following anticommutation rules for the 
introduced creation and annihilation in- or out-operators (here we do not discuss commutation relations between sets 
of in and out-operators): 

All creation (annihilation) operators with different quantum numbers n anticommute between themselves; all the 
operators from different ranges Hi anticommute between themselves; all anticommutators in each range Hi, i = 
1, 2, 3,4, 5 have the form: 


[+a„i(in), +a]^,(in)]+= [ a„,(m), a|^,(m)]+ 

= [ +a„i(out), +aj„^(out)]+ = [ _a„i(out), (out)]+ = ; 

[ 0^2 , ]-|- = ^n2,n' ) = ^n4,n'^ i 

I "a„3(in), (in)]+ = [ +a„3(out), +a|^, (out)] + 

= [ (in)]-H = [ +6n3(out), +6]^, (out)]+ = 5„3,„' ; 

[ ^bu,(in), (in)]+ = [ -^^^(m), (in)]+ = 

= [ +&n5(out), (out)]+ = [ -6„3(out), -bl,^{ont)]+ = ■ ( 4 . 7 ) 


Some preliminary remarks about the division of creation and annihilation operators into in- and out-type are in 
order. Usually, when quantizing a field theory with a time-dependent external background, we work in the Schrodinger 
picture, where we have to define initial and final asymptotic states. Even if the external field is switched off at the 
time infinity, its potentials may be different from zero there. Thus, the Schrodinger initial and final asymptotic states 
are different as it occurs in QED with t-electric potential steps. Then the Schrodinger initial and final asymptotic 
states give rise to in— and out— states (the corresponding operators) in the Heisenberg picture. In the case under 
consideration, where we formally deal with time-independent backgrounds, and quantize directly in the Heisenberg 
picture, there appears the problem of identifying in- and out-operators. In the case of cc-electric potential steps, we 
will be guided by the following physical considerations: All the in-particles (created by the in-creation operators from 
the vacuum) are moving from the asymptotic region S'l or Sb. to the step, whereas all the out-particles (created by 
the out-creation operators from the vacuum) are moving from the step to the asymptotic region S'l or Sb- 

Below, after analyzing properties of one-particle states created by the introduced operators, we confirm the consis¬ 
tence of their division into in- and out-types. 
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B. Physical quantities 

1. Classical physical quantities 
Energy Ti, of the classical Dirac field has the form 

■H = y (X) {X) dr , 


(4.8) 


where one-particle Hamiltonian i? is given by Eq. (I2.8I1 . The energy (14.8|) is a gauge dependent quantity. Substituting 
the one-particle kinetic energy operator given by Eq. (I3.13L for H in the right-hand side (RHS) of Eq. (14.81) 

we obtain a gauge invariant quantity which we call the kinetic energy of the classical Dirac field ip {X ), 


= / V'T (X) (X) dr , = H-U{x). 


(4.9) 


Decomposing the field ^ (X) over the complete set ipn {X), and dividing integral (14.91) in three integrals within the 
regions S'l, S'int and S'r, as was done for the quantity TZ in Eq. (IB2I) . we reduce calculating the quantity (14.91) to 
calculating the following matrix elements 


'T/kin _ n/L , nj'mt , 

TL^l ^n./ ' ^rj./ ' ^ 


'T/L _ 

^nl 


^nl 


nl ' ^nh 

pXK 

i h^iidx^ Idjii — / '^ni — / hjiidx 

— JCCL) j Xl^ d x^ 


hni = J {X)dr^ . 


(4.10) 


The matrix elements "H™;* are finite for any n and I, and the terms and dominate in the limit 


In the asymptotic regions S'l and Sr solutions ipn (^) with any n are eigenfunctions of the operator with the 
eigenvalues ttq (L) and ttq (R), respectively. That is why only diagonal matrix elements and Td^i differ from zero 
in the limit —>■ c». Thus, the stationary states introduced in Sec. IIII Al diagonalize the introduced kinetic 

energy (gj]). This is an important necessary condition in the quantization procedure which provides in what follows 
an interpretation in terms of particles. 

The kinetic energy of a stationary state (X) reads 


£u=M 


-1 


i’i (^) bo - u (a;)] (x) dr. 


(4.11) 


The kinetic energy of a wave packet ijj (X) composed of stationary states ipn (X) is a sum of the partial energies (14.111) . 

One can easily see that stationary states with quantum numbers n from the regions 142 and D 4 have the following 
kinetic energies 


^712 — ^0 (h) , ^714 — '^0 (ff) ■ 


(4.12) 


Let us consider stationary states { (^ipn (X)} and { ^ipn (X)} with quantum numbers n from the ranges DijDa, 
and D 5 . Their kinetic energies are denoted as and respectively. In the same manner, which was used in 

finding the orthonormality relations of the corresponding solutions, and retaining only the leading terms in the limit 
^(L/R) obtain 

= VxM-^ ( + iE^) , 

C^n = ’’"0 (L) C^L, C^n = ^0 (R-) c’^R i 

<E^ = TTo (L) ^7^L, ^E^ = no (R) ^TZr , (4.13) 

where n G Di UD 3 UD 5 , and the quantities ‘'TZl/r and c’^l/r ai'e given by Eqs. (IB5I) and (IB7I) : in fact, they depend 
also on the index n. Then, using Eqs. (IB5|) . (IB7|) . (I3.40I) . and Eq. (IB15I) . we find 

= no (L) - ^ |g(+ |+)|”^ 


= TTo (R)-b ^ |g (+|+)| b 


n € fliU D 5 , 


U 


u 


i;£n = TTo (R) -b ^ b (+ I ) I , = TTo (L) - - b (+ I ) I , n G D 3 . 


(4.14) 

(4.15) 
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The energies 6 ^, i = 1,2 are positive, and the corresponding solutions in Eq. (jd.lll) are electron states, whereas 
all the energies f„., * = 4, 5 are negative, and the corresponding solutions in Eq. (14.111) are positron states, 

£n >0, Vn S rii U n 2 ; £n < 0, Vn S n 4 U ris . (4-16) 

To estimate signs of energies (I4.15L we note that they contain two terms with opposite signs. It follows from Eq. 
(I3.42|l that \g {+ |“)| ^ ^ 1. Then Eqs. (14.1511 imply 

= U (l - |5 (+ I -) r') ^ 0 . (4.17) 

It has to be stressed that the latter condition is enough to provide the existing of a vacuum in the further quantum 
field theory. 

Note that energies 6 ^, i = I, 2,4, 5 for the stationary states of bosons have the same form as for fermions in (14.121) 
and (j4.14ll . However, the corresponding relations for bosons 

U -9 U -9 

= TTo (R) - - |g (+|")| , = TTo (L) + - |5 (+|")| , n e H 3 . (4.18) 

differ from their fermionic versions (14.151) . Equations (14.181) imply the inequalities 

> 0, < 0, (4.19) 

which provide the positiveness of any boson excitations over the vacuum. 


2. Quantum physical quantities 


After the second quantization, physical quantities of the classical Dirac field turn out to be operators. In what 
follows, we are going to consider some of them. The first one is kinetic energy operator H*'™, which, just from the 
beginning, we write in a renormalized form. 


irkin 


= / {X) 77'^“ ^ {X) dr - Ho 


(4.20) 


where the constant (in general, infinite) term Hq corresponds to the energy of vacuum fluctuations. Its explicit 
expression will be given below. 

Inserting decompositions (lia . (1431) . and (14.61) in the right-hand side of Eq. (14.201) . we obtain a representation of 
the kinetic energy in terms of the introduced creation and annihilation operators, 

5 

gkin = ^ ^ Ho = ^ + E ( + ”^" 5 ) , 

i—\ m ns 714 1^5 

H „3 = +a]^ 3 (in) +a„ 3 (in)-|- “a]^ 3 (in) “a„ 3 (in) 

= _a)jj(out) _a„3(out)-|- +a)jj(out) +a„3(out), 

lllln 2 “ '^0 (b) tLl^^Cln 2 i l®n4 — '^0 (R.) , 

H „3 = +£:„3 +a]jJout) +a„ 3 (out) - +f „3 +b'l^{ovLt) + 6 ^ 3 (out) 

= ~£n3 “a]j3(in) "a„3(in) - _£:„3 -5),3(in) -&„3(in) , 

H „3 = - +£n^ + 6 ],^(out) + 6 „ 3 (out) - ~£n, “ 6 )^ 3 (out) " 6 „ 3 (out) 

= - -£n^ -^nsM -&n5(in) “ ^£n, ■^&343(in) • (4-21) 

We stress that the existence of two different representations for physical observables in the ranges Hi, D 3 , and Ds 
corresponds to the existence of two different complete sets of solutions in these ranges. According to eqs. (14.141) and 
(14.151) . we have 


v£n-i — —£n 


£ + ^£ — 
— <-'715 \ *^715 — 


+£n 


that is why the constant Hq has the same value for any possible choice of H„^, i = 1,3, 5 in representation (I4.2ip . 
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The formal expression of the charge operator Q is 





dr . 


(4.22) 


Its decomposition in the creation and annihilation operators introduced reads 

5 

2=1 rii 

Qni = -e [ +a]),i(in) +a„i(in) + "a),^(in) "a„i(in)] 

= -e [ _a]j^(out) _a„i(out) + +at^(out) +a„i(out)] , 

Qn2 Qn4 : 

Qns = -e [ ■'■a]^3(out) +a„3(out) - +6)^3 (out) +6„3(out)] 

= -e [ ”43(in) ■an3(in) - -43(in) -&«3(in)] , 

Qn,=e[ +bl^{out) +&„3(out) + “6^3(out) "^^^(out)] 

= e [ -45(in) -&«5(in) + ■^45(in) ■ (4.23) 

We also will consider the energy flux of the Dirac field through the surface x = const. Its QFT operator has the 
form 

F {x) = ^ J f^°dtdr^ , (4.24) 


where is the component of the operator of the energy momentum tensor , and the integral over drj^ is defined 
in Eq. (13.331) . For our purposes, it is enough to work with the canonical energy momentum tensor 

TtJ.,2 = ^ {'ip{x)'yf,P^ijj(x) + [P*i){x)] 7^V'(a:)} • 

Then the QFT operator F (x) reads 

F{x) = ^ J ¥ {X) ^ (X) dtdr± . (4.25) 

Another physical quantity useful for the further analysis is the electric current of the Dirac field through the surface 
X = const. The corresponding QFT operator has the form 


J = -l J ¥ {X)¥¥^{X)dtdr± . (4.26) 

Inserting decompositions HAL (14.51) . and (14.61) in the right-hand part of the quantities (14.251) and (14.26^ . we can 
obtain their representations in terms of the introduced creation and annihilation operators. Then we can see that the 
right-hand part of (I4.25P is diagonal with respect to the quantum numbers n for x G Si, and for x G Sb., whereas the 
right-hand part of (14.261) does not depend on x and is diagonal with respect to the quantum numbers n for any x. 


C. Partial and total vacuum states 

Let us define two vacuum vectors |0, in) and |0, out), one of which is the zero-vector for all in-annihilation operators 
and the other is zero-vector for all out-annihilation operators. Besides, the both vacua are zero-vectors for the 
annihilation operators and which is consistent with the anticommutation relations (14.71) . Thus, we have 

+a„ 3 (in) | 0 ,in) = “a„i(in) | 0 ,in) = 0 , 

_ 6 „ 3 (in) | 0 ,in) = + 6 „ 3 (in) | 0 ,in) = 0 , 

“a„ 3 (in) | 0 ,in) = _ 6 „ 3 (in) | 0 ,in) = 0 , 
a „3 | 0 ,in) = | 0 ,in) = 0 , 


(4.27) 
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and 

_a„j (out) | 0 , out) = (out) | 0 , out) = 0 , 

+ 6 „ 5 (out) | 0 ,out) = ~bn^{ont) | 0 ,out) = 0 , 

+ 6 n 3 (out) | 0 ,out) = ■'■a„ 3 (out | 0 ,out) = 0 , 

a „2 |0,out) = bm |0,out) = 0 . (4.28) 

Then we postulate that the state space of the system under consideration is the Fock space constructed, say, with the 
help of the vacuum |0,in) and the corresponding creation operators. One can verify (see Sec. El that this Fock space 
is unitary equivalent to the other Fock space constructed with the help of the vacuum |0,out) and the corresponding 
creation operators. 

In this case, one can see that vacuum mean values of the operator (|4.21|1 and of the charge operator Q are 
zero in the both Fock spaces, 

(0, inltf™ |0, in) = (0, outltf™ |0, out) = (0, m\Q |0, in) = (0, out|(5 |0, out) = 0. 

Thus, according to Eqs. (14.141) . (14.161) . and (14.171) . these are uncharged states with minimal kinetic energy and the 
operator is positively-defined in the ranges fti, i = 1,2,4, 5. One can verify that the introduced vacua have 
minimum energy with respect to any uncharged quasistationary states in the range fls. Indeed, in our construction it 
is assumed that electrons and positrons with quantum numbers in this range being in one of corresponding asymptotic 
regions occupy quasistationary states, i.e. they are described by wave packets that maintain their forms sufficiently 
long in these regions. Only such electron and positron wave packets have a physical meaning. As we demonstrate in 
Secs. IVIICI andlDlin the range Ha, any electron wave packets that really have a physical meaning can be localized 
only in the asymptotic region 5 'l (as in the range ^ 2 ), whereas any positron wave packets that really have a physical 
meaning can be localized only in the asymptotic regions S'r (as in the range 124 ). Kinetic energies of these wave 
packets are formed for electrons by contributions of ttq (L) , for positrons by contribution [tto (R)| and are, therefore, 
always positive. 

Because any annihilation operators with quantum numbers rii corresponding to different i anticommute between 
themselves, we can represent the introduced vacua as tensor products of the corresponding vacua in the hve ranges, 

5 5 

|0,in) = |0,in)^*^ , |0, out) = |0, out)^*^ , (4.29) 

i—1 i—1 

where the partial vacua | 0 ,in)^*^ and | 0 ,out)^*^ obey relations (14.271) and (I4.28|) for any rii and C- 
It follows from relations (14.271) and (14.281) that 

|0, in)^*^ = |0, out)^*^ , 1 = 2,4. (4.30) 

Let us rewrite relations (I3.38|) for solutions with quantum numbers ni as follows 

(A) = 5 (+ 1+) -' (^) + -V'n (A) g (_ 1+)] , 

-V'n (X) = g (- I") ^ [-?7 l ~ipu (A) +ipn (A )5 (+ 1“)] ; 

(A) = 5 (+ 1+) -' [ 77 R (X) + “V'n (A) g (- 1+)] , 

(A) = g (- |_) -' [-77R (A) + (A) (+ I- )] , (4.31) 

where pairs of solutions in the RHS of Eqs. (14.311) are orthogonal due to relations (I3.47P at any fixed t. We recall 
that the relation 

| 5 (+| + )|' = |g(+|-)|" + l (4.32) 

holds as a consequence of Eqs. (13.421) . Using these relations and two possible representations (14.51) for the operator 
(A), one can find direct and inverse canonical transformations between the initial and final pairs of annihilation 
operators of electrons: 

+a„(out) = 7 ?Rg (+ 1 +) ^ +a„(in)-Hg (“ |_) ^g(+|_) “a„(in), 

_a„(out) = g (+1 + ) %(_! + ) +a„(in) - ?7 l5 (■ I-) ^ "an(in); 

+a„(in) = 5 (_ |“) ^ g (+\~) _an{out)+r]i,g \+) ^+a„(out), 

“a„(in) =-ryR 5 (_ I") ^ _a„(out)-h g (+|+) %(“|+) +a„(out). 


(4.33) 
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Canonical transformations between the initial and final pairs of creation operators of electrons can be derived from 
relations (14.331) . 

In the same manner, using relations (j3.38ll for solutions with quantum numbers n G and two possible representa¬ 
tions for the operator ^'5 (X) given by (14.5L one can find canonical transformations between the initial and final pairs 
of Dositron creation ooerators. Thev can be obtained from relations (14.331) bv the substitution finl —>■ +bU{out), 
“a„i(in)-j> “ 6 l^(out),+a„i(out) + 6 |,Ji n), and -On^(out) -)> _ 6 lj,(in). 

Since the canonical transformations (14.331) do not mix creation and annihilation operators, we can choose 

|0, in)^*^ = |0, out)^*^ , 1 = 1,5. (4.34) 


Together with their adjoint relations Eqs. (14.331) define an unitary transformation between in- and out-operators 
in the range fli, 

{ -sa'''(in), "a''’(in), +a(in), "a(in), } 

= bhi { (out), _o^ (out), '^a (out), _a (out)} . 

The unitary operator Vhi has the form 


Vhi=exp<^ ^ +ai{out)g{-\+) ^ _a„(out)l 
xexp<^-^ - 4 (out)ln |_) 5 (“ 1 +)“^ -a„ (out) 

xexpJ ^ +ai{out)ln g{+\+)g{-\+)~^ +a„ (out) I 




- 4 (out)g( !+)■ 


(out) } . 


Similar results take place in the range 

{ _5'l'(in), ■'■^^(in), _ 6 (in), ■'' 6 (in)} 

= Vhs { ~b^ (out), +b'^ (out), ~b (out), +h (out)} , 

I/ob = exp I - ^ (out) g (+ | - )”^ -b (out) I 

I nefis J 

xexpi-^ ^&Uout)ln g (“ |_) g (+|_)“^ ■ 6 (out) 

I raeOs 

xexpi ^ + 61 '(out) In g (+|+) g (+|_ )”^ +6 (out) I 

IhGOb j 

xexpi ^ ' 6 '''(out)g (+|-)“^ + 6 (out) I . 


(4.35) 


(4.36) 


We recall, that the similar result (14.301) takes place in the regions 12+ z = 2,4. Both relations (14.301) and (14.341) 
mean that the partial vacua |0,in)*'*1 , z = 1,2,4, 5 are stable under the action of the external field. In what follows, 
we denote the tensor product of these partial vacua by | 0 ), 


i=l,2,4,5 i=l,2,4,5 


(i) 


(4.37) 


Below, we are going to consider one-particle states (in/out) |0, in/out) and 6 ^ (in/out) |0, in/out) created by the 
introduced creation operators from the vacuum. 

The physical meaning of these states will be discussed separately for each range of the quantum numbers n . 
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FIG. 3. in and out-particles near an a;-potential step 


V. ONE-PARTICLE STATES IN THE RANGES Hi AND fig 

A. General 

We believe that according to the structure of the Dirac energy spectra in the asymptotic regions 5 'l and 5 'r, there 
exist only one-electron states in the range Di, whereas in the range fig there exist only one-positron states. 

We remind that condition ( ~^tpn) = 0 (IB14I) for n S Di U O 5 means that the sets of solutions { (-Y)} 

and { (-^)} with opposite ( represent independent physical states. 

We associate the independent pair { + 1 ^^ (-^), (-^)} with electron in-solutions and the independent pair 

{ -ipni (-^)} and { (-^)} with electron out-solutions. Correspondingly, in the range Di, one-electron states are 

+4iM|0), “aj,^(in) |0), (out) |0), +a],^ (out) |0). (5.1) 

We associate the independent pair { -V’ng (^)} and { (-^)} with positron in-solutions and the independent 

pair { +'ipn 5 (-^)} and { “'f/'ng (-^)} with positron out-solutions. Correspondingly, in the range D 5 , one-positron states 
are 


-H&],^(out) |0), 6],^(out) |0), _&],^(in) |0), +6),,,(in) |0). 


(5.2) 


B. Interpretation of states in Di and Dg 

To give an interpretation of states in Di and Dg we have studied one-particle mean values of the charge, the 
kinetic energy, the number of particles, the current, and the energy flux through the surfaces x = Xi, and a: = xr. 
The corresponding calculations are placed in the Appendix 1C 11 Based on results of such calculations, we can finally 
conclude: 

(1) The states (15.11) are states with the charge —e. The states (15.21) are states with the charge +e. 

(2) All these states have positive energies and therefore they can be treated as physical particle states, namely 
states (EB represent electrons, whereas states (15.21) represent positrons. Their currents (IC7I) and (IC 8 I) also confirm 
this interpretation. 

(3) Mean energy fluxes (ICIOI) and (ICllI) of states under consideration through the surfaces x = xp and x = xr 
together with expressions for their currents allow us to believe that: 
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(a) electrons +a]j^(in) | 0 ) and ■'■ajj^(out) | 0 ) are moving to the right, 

(b) electrons _aj^^(out) | 0 ) and “ajj^(in) | 0 ) are moving to the left; 

(c) positrons _ 6 l^(in) | 0 ) “&l^(out) | 0 ) are moving to the right, 

(d) positrons + 6 l^(out) | 0 ) and + 6 l^(in) | 0 ) are moving to the left. 

Thus, we see that the asymptotic longitudinal physical momenta of electrons are and = p^, whereas 

for positrons they are p^^ = —p^ and p^^ = —p^. 

(4) We classify electron states +ajj^(in) |0) and “a|j^(in) |0) as in- states, because they are moving to the step from 
the asymptotic regions S'l and S'r, respectively, with definite asymptotic behavior there. We classify electron states 
_aJ^^(out) | 0 ) and +aJj^(out) | 0 ) as out- states because they are moving from the step to the asymptotic regions S'l 
and Sr, respectively, having there definite asymptotics. 

We classify positrons states _&Jj^(in)|0) and +&Jj^(in)|0) as in- states because they are moving to the step 
from the asymptotic regions Sl and Sr, respectively, having their definite asymptotics. We classify positron states 
+ 6 lj,(out) | 0 ) and “^^^.(out) | 0 ) as out- states because they are moving from the step to the asymptotic regions Sl 
and Sr, respectively, having their definite asymptotics. 

In Fig. 3 we show in- and out-electron states in the range fli and in- and out-positron states in the range 
Here electrons are drawn by circles with the sign minus inside and positrons with the sign plus inside. The associated 
arrows show the energy flux directions given by Eqs. (ICIOI) and (ICllI) . Thus, these arrows show the directions of 
motion. 

To justify completely our interpretation of the in- and out-states, we first recall that it is impossible to refer (even 
in the nonrelativistic quantum mechanics) to a direction of motion of plane waves, which has no physical meaning, 
since they are not localized. The scattering problem is formulated for particles that are represented by wave packets 
localized in some space areas. What do we demand from such localized packets? First of all, the localization areas 
have to belong to one of the asymptotic regions S'l or Sr. Each of the localized wave packets must be composed 
of states with asymptotic physical momenta or Ppj^, respectively, that have the same directions and belong to 
one and the same range We call these packets quasilocalized, because of not very rigid requirements for their 
localization. Such wave packets are moving in the same direction as their constituent waves. In the scattering problem 
under consideration, we consider four types of wave packets in each range Hi and H 5 , two of them being quasilocalized 
in the asymptotic region S'l and two of them in the asymptotic region Sr. All the packets quasilocalized in Sl are 
formed of solutions Qipn (AT), whereas all the packets quasilocalized in Sr are formed of solutions (A"). Indeed, 
in the asymptotic region Sl and Sr solutions (X) and ‘’ipn (X), respectively, are reduced to waves with definite 
asymptotic physical momenta and respectively. That is why directions of motion of the wave packets in these 
regions are well defined. 

The electron wave packets in the range Hi, composed of solutions +ipn (X) or ~il)n (Ai), are moving to the region 
Sint (in the QM scattering theory they are called incoming waves), whereas the electron wave packets composed of 
solutions -ipn (^) or +'(/;„ (X) are moving away from the region Sint (in the QM scattering theory they are called 
outgoing waves). Thus, we believe that the first type of the wave packets describe in-electron states with asymptotic 
behavior formed before they meet the external field, and the second type of wave packets describe out-electrons 
that have asymptotic behavior observed after they have left the region where the external field is present. That is 
the reason for our definitions of in- and out- creation and annihilation operators with quantum numbers ni in the 
decomposition of the quantized Dirac field (14.511 . It is not difficult to give similar interpretation for positron wave 
packets in the range H 5 . 

According to these definitions, we introduce absolute R and relative R amplitudes of an electron reflection, and 
absolute T and relative T amplitudes of an electron transmission in the range Hi as 

— ^vR+,nn ??+,ni — {O | —^^^^^(out) +Q)^^(in)| 0 ^ , 

— {O | Uyj,, (out) (in) | 0 ^ , 

R—^ni — ^vR—^ni ! R—,ni — {O | (out) | O} ; 

T—— {O |—am(out) (in) I 0 ^ , 

and similar quantities for a positron in the range H 5 as 

“ ^vR+,ns} ^+,n 5 “ (0 I (out) 6 )^^ (in) | 0 ^ , 

T+.ns = = (o |+ 6 „ 5 (out) +&],^(in)| O) , 

R—,n^ — CyR—^n^, R—^n^ — (O | +bn^(^o\it) _ 6 )j^(in)| 0 ^ , 

T-,n^ = CyT_^n^, = (0 |■&„l(out) -&], 5 (in)| O) , 


(5.3) 


(5.4) 
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where R and T are the corresponding relative amplitudes, and Cy = (0, out|0, in), see Sec. I VII PI 
Using canonical transformations (14.331) one can calculate the relative electron amplitudes, 

R+,n= 9{+\~^) 7 + .n = (+ \ 

R-,n= 9{~ \-) ^9{'^\-), = -JlRS (" I-) (5-5) 

Similar expressions can be obtained for the corresponding positron amplitudes. They differ from Eqs. (i53|) only by 
phases. 

As it follows from Eqs. (13.411) and (13.421) the corresponding probabilities satisfy the following relations 

|r+.„|" = |i?c.„|" + |rc.„|" = i, neUi,U5. (5.6) 

Equation (EH) is just the condition of the probability conservation, written in terms of relative probabilities of 
reflection and transmission, under the condition that in all other states with quantum numbers m ^ n partial vacua 
remain vacua. 

Now we see that according to Eqs. (|C4I) the relative probabilities coincide with the corresponding mean values, 

= = nGUi,U 5 . (5.7) 

This nontrivial result may be interpreted as QFT justification of rules of time-independent potential scattering 
theory, see Ref. [l^, in the ranges Ui and U 5 . To clarify this point of view, let us consider one specific process in 
the range Oi, namely, the evolution of the in-state (in) |0). From the point of view of causal evolution this state 
can be reflected, i.e., to pass to the out-state _aJj^(out) | 0 ) with the probability and can be transmitted, 

i.e., to pass to the out-state ■'■a)jj(out) |0) with the probability . Let us try to apply the potential scattering 

theory to the same problem, using our QFT picture. Then, we have to calculate two mean currents in our in-state, 
one Jr related to the out-particles (out) | 0 ) and another one Jt related to the out-particles + 0 )^^(out) | 0 ). 

Both currents are proportional to the mean numbers of the corresponding out-particles in our in-state and can be 
represented by these numbers in the example under consideration. Then 

= (0 I +a„i(in) [ _a],^(out) _a„i(out)] +a),^(in)| O) 

= |5(+|^)| ^ I 5 (-1^)1^ = l^+.n|^ 

Jt = (0 I +a„i(in) [ +a),^(out) +a„i(out)] +a),^(in)| O) 

= |g(+| + )|■" = |T+,„|^ 

Thus, we see that in the range fli realization of rules of the potential scattering theory in the framework of QFT 
allows one to obtain the correct result J_r -I- Jt = 1. 

VI. ONE-PARTICLE STATES IN THE RANGES U2 AND U4 

In the range U 2 there exist only one-electron states |0), whereas in the range U 4 there exist only one-positron 
states | 0 ), 


| 0 ), | 0 ). ( 6 . 1 ) 

Below, we study their interpretations and properties. 

Using Eqs. (13.361) we see that the renormalized QFT currents, given by the operator J (IC 6 |) is zero in the states 
under consideration, 


Jn 



( 6 . 2 ) 


We interpret the QFT states EU) as standing waves (stationary waves) that present a result of interference between 
two waves traveling in opposite directions, see Eqs. (13.291) and (13.301) . In Fig. [31 we show these standing waves in the 
ranges U 2 and U 4 . Here electron standing waves are drawn as circles with the minus inside and positrons with the 
plus inside. 

It should be stressed that the case of the ranges 112,4 can be considered as a degenerate one with respect to 
the case of the ranges Ui, 5 . This case could formally by extracted from relation (j5.5p by considering the limit 
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T„^_i_ = ? 7 Lff (+ l"^) ^ 0, which implies that (+ = |T„| ^ oo for the potential step under consideration. 

Then it follows from the relation |ii„| + iT^j =1 that |i?„| —>■ 1, which corresponds to the almost total reflection, 
when the currents of incoming and outgoing waves with a given n almost cancel each other. According to the 
dehnition of the charge operator (I4.22L the space distributions of the charge are given by the densities | (A)| 

and I (^ipn In turn this means that linear charge density in the asymptotic regions S'l and 5 'r are given by the 

quantities and which were obtained in (IB5I) and (IB7I) . We note that \g (+ |“ )|^ — \g (+ |^ )|^ 

in the case |( 7 (+ |“'')|^ ^ 1 such that distributions for the charge density in the ranges r 2 i ,5 become similar to the 
distributions in the ranges 122 , 4 - It is natural to expect that such a case is realized when quantum numbers ni are 
close to the upper bound of the range 122 , and the quantum numbers are close to the lower bound of the range 124 . 

Finally, in the ranges 122,4 only the total reflection takes place. This process can be well described in the framework 
of one-particle quantum mechanics, see (d^ . Its rigorous description in the framework of QFT as a time-dependent 
process leads to the same results confirming heuristic one-particle quantum-mechanical interpretation. 

One can, in principle, define in- and out-states related to these opposite waves. It should be noted that, on the 
one hand, this is not a trivial task, and, on the other hand, this problem is the scope of our main goal, which is the 
consideration of particle creation processes. The latter processes are specific for the Ha range, as it will be clear in 
what follows. However, we represent below a brief discussion of in- and out-states in the 122,4 ranges. 

We believe that physical state vectors that correspond to localized in- and out-electrons or positrons are some wave 
packets composed of formal solutions introduced in the ranges 122 and 124 . In the region Sr the constituent waves 
tpn 2 (A") have zero asymptotic values which implies that any wave packet describing an electron is quasilocalized in 
the region Si,. In the region Si, the constituent waves ipm (A) have zero asymptotic values, which implies that any 
wave packet describing a positron state is quasilocalized in the region Sr. 


VII. ONE-PARTICLE STATES IN THE RANGE Ha 
A. General 

First we recall (see Sec. IIII B 31) that according to the structure of the Dirac energy spectra in the asymptotic regions 
S'l and 5 'r, there exist two sets { (A)} and { '“' 0„3 (A)} of solutions in the range Ha that obey the orthogonality 

relations ( ’’f/'na) = 0. see (IB16I) . Thus, in this range we have two pairs { -ipnsiX), (A)} and { (A), +^„3 (A)} 

of independent solutions. Each pair forms a complete set of solutions in the range Da. 

According to Eqs. (13.381) . there exist relations between solutions { Qipns (A)} and { '“V’na (A)}, 

+•0^ (A) = g (+I") ^ (A) g (_ |“)-b 

(A) = g (_ 1 +) -' [ (A) 5 (+ 1 +) - (A)] , 

(A) = g (+ |_ ) -' [ {X)g {-]_)- (A)] , 

-^„(A)=g(-|+)-'[+V>„(A)g(+|+)+ (A)] . (7.1) 

As it follows from Eqs. (I3.42|) . in the range under consideration the coefficients g satisfy the following relation 

|5(+|-)|'= |5(+| + )|' + 1, (7.2) 

which differs from similar relation (14.321) in the range Hi. 

We associate the first independent pair { -ipns (A), “f/'ns (A)} with in-solutions and the second independent 
pair { +ipn 3 (A), ~^ipn 3 (A)} with out-solutions. Thus, solutions { “V’na (A), ~^'ipn 3 (A)} are associated with in- 
and out-electron states, whereas solutions { -i/'na (A), +'tpn 3 (A)} are associated with in- and out-positron states. 
Correspondingly, in the range Ha there exist four types of one-particle QFT states, 

|0,in), +al 3 (out) |0,out), .^^^(in) |0, in), + 6 I 3 (out) |0, out) . (7.3) 


Since no other ranges are considered in this section, the quantum numbers are sometimes denoted by n for 
simplicity. 
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Using both alternative decompositions (14.51) for 4>3 (X) and relations (17.11) . we find the following linear canonical 
transformations between the introduced in- and out- creation and annihilation operators 

+a„(out) =-5 (_ 1 +) ^ _&],(in)(" 1 +) %(+|+) “a„(in), 


+bi{ont)=g{-\+)~ 5(+|’^) -^n(in)+5(" l-s)” "an(in), 

-^n(in) =g(-s |")”^5(-I”) -H 6 jj(out)- 5 (+ 1 -)"^ +a„(out), 

"o„(in) =g(+|")“^ + 6 l,(out)-f 5 (+|-)”^ 5 (“|-) +a„(out). (7.4) 

/o\ 

Because these transformations entangle annihilation and creation operators, the partial vacua |0,in)^ and |0,out)^ ' 
are essentially different. That is why, the total vacua |0,in) and |0,out) are different as well, see Eqs. (14.291) and 

dOZl). 


B. Interpretation of states in U3 

To give an interpretation of states in ila we have studied one-particle mean values of the charge, the kinetic energy, 
the number of particles, the current, and the energy flux through the surfaces x = Xl and x = xr. The corresponding 
calculations are placed in the Appendix 1C 21 Based on results of such calculations, we can finally conclude: 

(1) The states 

"aLM |0,in), +a|, 3 (out) |0,out) (7.5) 

are states with the charge —e. The states 

+^]x 3 (out) |0,out) (7.6) 

are states with the charge +e. Equations (|C17I) confirm these conclusions. 

(2) Each of these states belongs to one of the physical wave packets that have positive energies as is demonstrated 
in Sec. IVII Cl and. therefore, thev can be treated as phvsical particle states, namelv. states (HID represent electrons, 
whereas states (ESI) represent positrons. Their currents (IC17I) also confirm this interpretation. 

(3) Mean energy fluxes (IC19I) of states (17.31) through the surfaces x = xl and x = xr together with expressions 
(IC17I) for their currents allow us to conclude that: 

(a) electrons “ajjg(in) | 0 ,in) and positrons +&Jj^(out) | 0 ,out) are moving to the right; 

(b) electrons +a)j,j(out) | 0 ,out) and positrons _&)^g(in) | 0 ,in) are traveling to the left. 

We stress that in contrast to the ranges 17 1 and Us, in the range fla signs of the energy fluxes of the electrons are 
determined by signs of the quantum number whereas signs of the energy fluxes of the positrons are determined by 
signs of the quantum number p^. This correlation follows from the fact that in the region Sr the directions of the 
positron motion coincides with the directions of positron current and in the region Sr the directions of the electron 
motion is opposite to the directions of the electron current. 

(4) We classify electron states (in) |0, in) as in- states, because they can move to the step only from the 

asymptotic region Sr- The latter statement is based on our belief that the structure of the Dirac spectrum in the 
region Sr forbids electrons to be present in this region. 

We classify electron states ■'■o)j^(out) |0,out) as out- states, because they can move from the step only to the 
asymptotic regions Sr. The latter statement is based on our belief that the structure of the Dirac spectrum in the 
region Sr forbids electrons to be present in this region. 

We classify positrons states ^ (in) |0, in) as in- states, because they can move to the step only from the asymptotic 
region Sr. The latter statement is based on our belief that the structure of the Dirac spectrum in the region Sr 
forbids positrons to be present in this region. 

We classify positrons states _|_5)j^(out) |0,out) as out- states, because they can move to the step only from the 
asymptotic region Sr. The latter statement is based on our belief that the structure of the Dirac spectrum in the 
region Sr forbids positrons to be present in this region. 

In Fig.|3]we show in- and out-states in the range fla. 


C. Discussion of the localization properties 

Taking into account Eqs. (13.411) . one can verify that all differential mean numbers (IC13I) are equal. That is why, 
we introduce the unique notation for all of them, 

K" = K (out) = (out) = (in) = (in) = [5 (+ | -) 


(7.7) 
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For the fermions under consideration, it is natural that the quantity TV” is always less or equal than one, < 1. 
We also note that the quantities ttq (L) and [tto (R)| achieve their minimal values on the boundaries of the range fla, 
namely, 


minTTo (L) = tt±, min|7ro (R)| = '!t±. 


(7.8) 


If tends to zero, —>■ 0, then |( 7 (+ | )|^ —>• oo and, at the same time, |( 7 (+ |■'■)|^ —>■ oo in accordance to 

relation (ESI). 

The quantity TV” can be calculated explicitly in the so-called exactly solvable cases (see Introduction and section 
CSl)). However, we can derive some additional useful properties of this quantity in the general case. 

Taking into account the fact that no pair creation takes place in the regions H 2 and 114 , we suppose that pair 
creation vanishes near the boundaries of the range Ha, 


TV” 

ns 

TV” 

ria 


713—>^^2 

713—>^^4 



n: 


'^3 l7ro(R)- 


—^ 0 , 


n: 


‘^3 I TTo (L)^7r_L 


7r_L 

^ 0 . 


(7.9) 


Note that in this case kinetic energies of electron or positron plane waves given by Eqs. (14.151) tend to their values, 
—>■ ttq (L) and —>■ ttq (R) , near the boundaries of the range H 3 . Therefore, conditions (17.9|) provide that 


> 0 , c£:„3 < 0 


(7.10) 


near the boundaries of the range H 3 and operator (|4.21l) is positively-defined in this part of the range H 3 . We 
believe that inequality dZH) takes place for all nonpathological x-electric steps. 

As was already mentioned, Eqs. (17.91) imply that \g (+ |“ )|^ — \g (+ |^ )|^ —>■ 00 . Then it follows from Eqs. (IB5I) and 
(iBTl) that the electron density (-A)|^ is concentrated in the region ^l, whereas the positron density 
is concentrated in the region S'r, 


IcV'na (^)r 


7 ro(R)->- 7 i-j_ 




—>■ 0, X G aFr , 
0, X G , 


(7.11) 


which means that these densities are continuous near the boundaries of the range H 3 . We see that conditions dUD 
and (|7.1ip are equivalent. Thus we believe that conditions (17.111) imply (17.91) near the boundaries of the range H 3 . 

For arbitrary n G H 3 some properties of TV” can be established first in the case of weak external fields (but still 
strong enough, U — 27r_L > 0, to provide the existence of the H 3 -range) using a semiclassical approximation. In the 
latter case a really strong restriction has to be imposed, that TV” is exponentially small, TV” <C 1. Then it is natural 
to expect that for any finite U < 00 and m ^ 0 the inequality \g {+ |“)|~^ < 27r_L/l[J holds, such that inequalities 
(17.101) hold for arbitrary n G H 3 . The condition TV” <C 1 and Eqs. (IB51) and (IB7|) imply that for arbitrary n G H 3 the 
electron density | (X)| is concentrated in the region S'l, whereas the positron density | (Al)| is concentrated 

in the region S'r, 

I (^)r “^0 : X G S'r , 

I cV'na (^)l" ^0, X G . (7.12) 

Thus, the wave functions (^) and (tpris (AT) behave quite similarly to the behavior of the corresponding 

functions with n G H 2 ,H 4 . 

In the general case when the quantities TV” are not small, it is natural to expect a similar behavior, namely: the 
region 5'r is not available for electrons, a the region S'r is not available for positrons. However, when the quantities 

TV” are not small, the latter property may hold only for the corresponding wave packets, but not for the separate 

plane waves. That means that Eq. (I7.12[) may not hold, that is, these plane waves may be different from zero in 
the whole space. Within our context it is assumed that electrons and positrons in one of corresponding asymptotic 
regions may occupy quasistationary states, i.e. they should be described by wave packets that pertain their form 
sufficiently long in one of corresponding asymptotic regions. In other words, only such electron and positron wave 
packets have a physical meaning in the problem under consideration. This is what we shall keep in mind when 
discussing the wave packets in what follows. We can demonstrate that in the general case the electron wave packets 
that really have a physical meaning can be localized only in the asymptotic region S’r, whereas the positron wave 
packets that really have a physical meaning can be localized only in the asymptotic regions S'r. This is a consequence 
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of a specific structure of plane waves ‘’ipns (X) and (ipns (X) in asymptotic regions and Indeed, this structure 
is quite different from the structure of plane waves in the ranges and As was mentioned above, electron states 
with given quantum numbers na are states with a definite quantum number p^, whereas positron states with given 
quantum numbers 713 are states with a definite quantum number p^. This fact together with relation GU implies, for 
example, that a partial wave of an in-electron, ~' 4 >n 3 (X ), in the region where the electron can really be observed, i.e., 
in the region 5'l, is always a superposition of two waves with opposite signs of the quantum number p^, +ij^n 3 (Ai) and 
(A). In turn, this implies that in contrast to the ranges Hi and the sign of p^ is not related to the sign of 
the mean energy flux in the region S'l- The same holds true for a partial wave of an out-electron '^tpns (-A). Similarly, 
one can see that partial waves of both in- positron -ipns (A), and out-positron +''Pn 3 (A), in the region S'r, are 
always superpositions of two waves with quantum number p^ of opposite signs and, therefore, signs of these quantum 
numbers are not connected to the sign of the mean energy flux in the region S'r. However, as it was demonstrated 
above, these are states with well-defined asymptotic energy flux, and therefore with the corresponding well-defined 
asymptotic field momentum. One can demonstrate that namely these properties of the constituent plane waves are 
responsible for the fact that stable electron wave packets can exist only in the region S'l, whereas stable positron wave 
packets can exist only in the region S'r, see details in the Appendix [D] 

We stress that in the range H3, within each pair of independent states with the same n, the in- particles and out- 
particles always move in opposite directions. 

Mean values (IC14I) and (|C17I) are typical for the total reflection. Indeed, all the mean particle numbers do not 
change in the course of the interaction with the step field, and the both electron currents are equal in magnitude 
and have opposite directions, the same holding for the both positron currents. We have demonstrated that electron 
densities in H3 have a behavior similar to that in the il ,2 range, vanishing in the S'r region, while positron densities 
in 173 behave similarly to the 174 range, vanishing in the Sl region. 

Since the above-described properties of mean values (IC14I) and (IC17I) hold true in the whole range ^3, we believe 
that all the in-states in this range are subjected to the total reflection. Once this is the case, the wave functions of 
the in-states and of the out-states corresponding to them have to be concentrated in the same regions on the left or 
on the right of the cc-electric step, similar to the behavior of the particles in the ranges 172 and ^4, respectively. Note 
that kinetic energies of these physical states are sums of the positive partial energies for electrons and 

— for positrons, where the quantities and (^E^ are given by Eqs. (14.131) . 

Some additional arguments in favor of the given interpretation are in order. 

In the range ^3 no particles exist that could maintain the direction of their motion after the interaction with the 
external field. This peculiarity allows one to classify these one-particle states as in- or out-states by using mean currents 
(IC17I) . The electric field under consideration accelerates positrons along the axis x and electrons in the opposite 
direction, that is why in the range the current of out-electron states coincides with the electric field direction, 
whereas the current of in-electron states is opposite to the electric field direction. Thus, +a]^(out) |0, out) and 
+6f^(out) |0,out) are out- states of electrons and positrons, respectively, whereas “a))^(in) |0,in) and _&Jjg(in) |0, in) 
are in— states of electrons and positrons, respectively. This also implies that |0, in) is the in— vacuum and |0,out) 
is the out— vacuum. Finally, “ajj^(in), “a„3(in), _6f^(in), _6„3(in) are creation and annihilation operators of in- 
electrons and positrons respectively, whereas +aJjg(out), +a„3(out), +6^^(out), +&„3(out) are creation and annihilation 
operators of out-electrons and out-positrons, respectively. 

We come to the same conclusion considering the mean values (IC13I) . Thus, we see that the quantities A“ (out) and 
(out) are differential mean numbers of out-electrons and out-positrons, respectively, created from the vacuum, 
since electric currents composed of the corresponding states coincide with the direction of the electric field. In this 
case we face electron and positron pairs outgoing from the state where no incoming particles were present. The 
mean numbers of created electrons are equal to mean numbers of created positrons, in full agreement with the charge 
conservation law. 

Besides, it follows from Eq. (IC13|) that ( in) and A“ (in) are differential mean numbers of electrons and positrons, 
respectively, annihilated from the initial neutral state of an electron-positron pair. The electric current corresponding 
to this initial pair is directed opposite to the electric field, that is why after the annihilation its electron and positron 
components are equally reduced by the quantity eA4“^A“. 

Thus, we believe that the wave functions “i/'ns (A) and -ipm (A) describe initial or incoming states of an electron 
and a positron, respectively, whereas the wave functions (A) and +i^n 3 (A) describe final or outgoing states of 

an electron and a positron, respectively. 

This causal identification coincides with the one proposed by Nikishov in the frame of relativistic quantum mechanics 
in Refs. [2| . 17l| . Note that it differs from another identification in the frame of relativistic quantum mechanics given 
in Refs. |l4| and repeated, for example, in Refs. i[il. In the Sec. IVIIEl we discuss this problem in more detail. 
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D. Reflection and creation of particles in 0,3 


The total number of pairs created from the vacuum is the sum over the range O 3 of the differential mean 
numbers iV^, 

N= Y. = E k(+r)r'- (7-13) 


Here we consider probability amplitudes of some simplest processes in the range O 3 . First of all, this is the vacuum- 
to-vacuum transition amplitude which coincides [due to Eq. (|4.37|) ] with the total vacuum-to-vacuum transition 
amplitude Cy , 


^^3) _ (3) ^0, out jo, in) = Cy = (0, outjO, in). 


(7.14) 


Among other nonzero amplitudes we have to consider two relative scattering amplitudes of electrons and positrons, 

^ (+l+)n'n = c)7^(0,out I (out) (in) | 0, in), 

= c;7^(0,out| +6„/(out) _(in) | 0, in), (7.15) 


and two relative amplitudes of a pair creation and a pair annihilation. 


'^(+“ |0)n'n =Ct, (0,out| +a„/(out) +6„ (out) | 0, in) 
- +)nn' = c”^(0,out -6],(in) "a];,(in) 0,in). 


(7.16) 


As can be derived from relations (Tfa . all the amplitudes (I7.15|) and (17.161) are diagonal in the quantum numbers n 
and can be expressed in terms of the coefficients g as follows: 

«^(+l+)n'» = (+1+) : ( + | + ) = 5 (+ | _ ) 5 (“ | _ ) “ ^ = (+ | “ ) 5 (+ | + ) ■\ 

= Kn'Wni-\-), W„ (-[-) = 5 (" | + ) 5 (“ | _ ) “ ^ = (_ | + ) 5 (+ | + ) “ \ 

W^(0| - +)nn' = (0| - +) , (01 - +) = -5 (" | _ ) \ 

«'(+- |0)n'n |0)> (+ “ |0) = (+ | + ) V (7.17) 

Recalling the physical meaning of the one-particle states (1731) . we conclude that in the range Ha the total reflection 
is the only possible form of particle scattering, with w (+[+)„ and w (—[ — )„ being relative probability amplitudes of 
a particle reflection. The relative probability amplitude w (-1— jO)^ describes creation of an electron-positron pair of 
out-particles with given quantum numbers n, and the relative probability amplitude w (0| —1-)„ describes annihilation 
of an electron-positron pair of in-particles, each of them having quantum numbers n. 

Unitary relations (I3.40|) and their consequences p.41l) and (I3.42|) imply the following connections for the introduced 
amplitudes w: 


\Wn (+| + )|^ 

(+| + )| 


(-I-) 


kn(+-|0)|' = l 


Wn (+ - |0)|^ = 

(-1-)* 

Wn (+1+) 


\Wn (0| - -b)|^ , 
u;„(+-|0)* 
Wn (0| - -I-) 


Referring to Eqs. (I7.17p . relations (17.41) can be rewritten as 

“a„ (in) = Wn (+1+)"^ [ ~''an (out) -b (-b - |0) +b'l (out)] , 
-bn (in) = Wn (-|-)“^ [ +bn (out) -Wn{+- |0) + (out)] . 


(7.18) 


(7.19) 


Together with their adjoint relations they determine a unitary transformation Vhg between the in- and out-operators, 
{ “a'l'(in), “a(in), -b'^{m), _6(in)} = Vhj { (out), +a(out), +6'!'(out), +6(out)}Uf]^ . 
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Since Eqs. (17.181) and (17.191) coincide formally with the corresponding equations for t-electric potential steps, the 
unitary operator Vhj can be taken from the works SSI- It has the form 


Vha = exp J +al (out) u>„ (+ - |0) +bl (out) i 

I ngSts J 

X exp - Y (out) lnw„ (-|-) +bl (out) ^ 

I neOs J 

X exp E (out)lni(;„ (+1+) +a„ (out) I 

IraeQa J 

X exp < - X! ( ■ 

I ngSts J 


(7.20) 


At the same time, the operator Vhg relates the in- and out-vacua, |0,in) = Vh3|0,out) and therefore it determines 


the vacuum-to-vacuum transition amplitude c„, 

Cy = (0,out|En3|0,out) = (-|-)“^ . 


(7.21) 


The probabilities of a particle reflection, a pair creation, and the probability for a vacuum to remain a vacuum can 
be expressed via differential mean numbers of created pairs By using the relation |w„ (—| —)|^ = (1 — 

one finds 

P{+\+)n',n = K0,out| +a„/(out) “o),(in)|0, in)^ , 

^ n 

Ncr 

P{+- |0)„',„ = |(0,OUt| +a„/(out) +&„(out)|0, in)p = ^n.n' ’ 

p, = |c„|2=np”, K = (l-iV-). (7.22) 

n 

The probabilities for a positron scattering P{—\—)n,n' and a pair annihilation P(0| —!“)„„' coincide with the 
expressions P(-|-|-l-) and P(-|— |0), respectively. 

We finish this section with some important remarks. Note that p" given by Eq. (17.221) is the probability that 
the partial vacuum state with given n remains a vacuum. One can see that in the framework of developed QFT 
quantization the total reflection of a particle off the x-electric potential step is described by the conditional probability 
of reflection of a particle with given quantum numbers n, under the condition that all other partial vacua remain 
vacua. Such a probability has the form \wn (+|+)|^p" ■ Consequently, \wn (+|+)|^p" = 1- However, the probability 
P(+|+)n,n is not equal to one as it follows from Eq. (I7.22|) . If all <C 1 then 


l-Py^N= Y (7-23) 

nGO.3 

The vacuum instability is not essential if 7^“ —^ 0. Then Py —)> 1, P(-l-|-l-)ra,n —>■ 1 and P(-|— |0)„_„ —)> 

It should be noted that semiclassical approximations can be used namely under the latter condition. We recall 
that, by using the proper-time method, Schwinger calculated the one-loop effective Lagrangian L in electric field and 
assumed that the probability P„ that no actual pair-creation has occurred in the history of the field during the time 
T in the volume V can be presented as P„ = exp{—Er2ImP} (for a subsequent development, see the review [5l|). 
Schwinger interpreted 2ImL as the probability, per time unit, and per volume unit, of creating a pair by a constant 
electric field. This interpretation remains approximately valid as long as the WKB calculation is applicable, that is, 
VT2lmL <C I. Then the total probability of pair-creation reads as I — ~ Er2ImL. To calculate the differential 

probabilities of pair-creation with quantum numbers m (for instance, momentum and spin polarization), one can 
represent the probability Py as an infinite product: 

Pv=Y[ , (7.24) 


where a certain discretization scheme is used, so that the effective action S = VTL is written as S' = 

The above-said is possible only if m are selected as integrals of motion. Then, is the vacuum-persistence 
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probability in a cell of the space of quantum numbers m. Using the WKB approximation in the case 2ImSin <C 1, 
one obtains for the probability of a single pair-production with quantum numbers m and for the corresponding mean 
values of created pairs the following relation: 

P{+ - |0)™,„ 2ImS„,. (7.25) 


E. Some comments on in- and out- states in the Klein zone 

It should be noted that in the works id of Nikishov he gave a consistent (and correct to our mind) resolution 
of the Klein’s paradox based on his original approach, which is a combination of elements of second quantized theory 
and relativistic quantum mechanics. In particular, treating the Klein step, he interpreted solutions {X) and 
Qij^n (X) in the way that correspond to our choice of in- and out- states. After Nikishov’s works there appear a work 
of Hansen and Ravndal 0 where they tried to use second quantized quantum field theory to describe quantum effects 
near x-electric potential steps. However, their interpretation of the solutions ‘’ipn (Al) and {X) was different 
from Nikishov’s one. In terms of proposed by us quantization they interpreted our in-states as out-states and our 
out-states as in-states. Nikishov in his work d has pointed out that this is wrong interpretation. Our detailed 
analysis confirms his opinion. Nevertheless the interpretation of Hansen and Ravndal was repeated in the textbook 
Q, in the review [l^ . and in some other publications. To our mind Hansen and Ravndal came to their interpretation 
treating processed in the Klein zone by a misleading analogy with the one-particle scattering, which really takes place 
in the ranges Hi and H 5 . That is why they believed that in the range H 3 signs of the quantum numbers and p^ 
define signs of particle asymptotic longitudinal kinetic momenta in the regions and S'r respectively. If so, then 
one has to treat solutions as describing one-electron states and solutions ‘’'tpn as describing one-positron states, 
such that signs of the corresponding quantum numbers p^ and p^ label incoming and outgoing particles. However, 
our analysis of states in the range H 3 , given in Sec. IVHl does not confirm such a correlation between signs of the 
asymptotical physical longitudinal energy flux and quantum numbers p^ and p^. We have demonstrated that the 
wave functions “f/’ns (A) and -'ipns {X) describe incoming states of an electron and a positron, respectively, whereas 
the wave functions (X) and +V’n 3 (Al) describe outgoing states of an electron and a positron, respectively. That 

is why we believe that the particle-antiparticle and causal identification of wave functions (X) and (X) given 
in Ref. [l3| is erroneous. Accepting this identification, one makes a mistake in defining what are in- and out-vacua, 
and calculates, e.g., the quantity (in) (IC13I) instead of the mean number of created pairs (out) with all the 
ensuing consequences. The correct causal interpretation is extremely important in all problems where one has to use 
the causal (in-out) propagator. Probably, the wrong interpretation did not attract for a long time an attention since in 
majority works devoted to the pair creation due to x-electric potential steps, the only mean numbers (in) (instead 
of (out)) and functions of these numbers were calculated. However, in all the considered cases the quantities 
(in) and (out) coincide numerically. 


VIII. COMPLETE QED AND MASSIVE PARTICLE PROPAGATORS 


Finally, it should be noted that quantization of the Dirac field in the presence of an x-electric potential steps 
developed in the present article serves as the base for constructing the Furry picture in the complete QED, which 
includes, apart from the matter (Dirac) field, the electromagnetic field as well. Formally, this Fur^ picture can be 
formulated in full analogy with the case of the t-electric potential steps considered in detail in Refs. Q- Such a theory 
allows one to consider all quantum processes with charged particles moving in external background and interacting 
with photons. Processes of zero order with respect to the radiative interaction in such a theory do not include the 
interaction with the photons, their treatment was already presented above in Secs. IIVIIVHI 

In complete QED with an external background any possible process is described by the following matrix element 


(0, out a(out) • • • 6 (out) ■ ■ ■ c - ■ ■ S ... &t(iii) • • • a^(in) 0, in), 


where c and are creation and annihilation operators of photons and S j is the S'-matrix in the interaction 

representation. 

One sees specific terms influenced by vacuum instability when the initial and final states of charged particles belong 
to the range H 3 . In this range, every operator F can be expressed exclusively in terms of in-annihilating operators 
and out-creation operators, using relations (I7.19|) . and then divided into two parts, 


F = F(-) -P , F(-) I 0, in) =0, 0 = (0, out | 
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Then one can introduce a generalized normal form Mout-in (■ ■ •) in which all i are placed to the right from all 
Wick’s theorem holds with generalized chronological couplings, 


TO = FG - Mout-^n (TO) = (0, out |FG| 0, in)c-\ 
F^G^ = f F {X) G {¥) - ^^out-^n [F {X) G {¥)] 


(0,out fF{X)GiY) 0,in)c; 


where T denotes the chronological ordering operation, see 

To reduce any functional of field operators to the generalized normal form in the range fls, we have to represent 
the operator d/a {X) (14.51) with the help of Eqs. (17.11) and (17.171) in the following form 


^3 {X) = XI[ a„3(in)n;„3 (+|+) +^/>„3 (X) 

ns 

+ +^n3(ont)n;„3 (-I-) _'i/'„3 (^)] > 

^3 (^) = [ ■^43(out)w„3 (+1+) (X) 

ns 

+ -&n3(in)Wri3 (-|-) +tpi^{X)] . (8.1) 

Processes of higher orders are described by the Feynman diagrams with two kinds of charged particle propagators 
in the external field under consideration, namely, the so-called in-out propagator S'^{X, X'), which is just the causal 
Feynman propagator, and the so-called in-in propagator X'), 

S^{X, X') = i(0, out|f # {X) {X') 7 °|0, in)c-i, 

Fr„(X, X') = z(0, in|FT (X) (X') 7°|0, in), (8.2) 

where T in Fqs. (18.21) denotes the chronological ordering operation. 

Using Fqs. ga, IMI), gH), and anticommutation relations (I4T1) . we find for the in-in propagator: 

St^{X,X') = Bit - nsrjx,x') - e{t' - t)S+{X,X '), 

2 

Fr(X, X') = * X G, {X, X') 7° + Fr(X, X'), 

1=1 

5+(^, ^') = * X ^') X'l 

Fr(X,X') -V'„3 (^) {X '), 

F+(X,X') =iY.M-l _V-n3 (^) {X') , (8.3) 


where the functions Gj (X, X') are given by Fq. (13.521) . 

Calculation of the in-out propagator can be done in a similar manner. Then, taking into account Fq. (I7.19L we 
obtain 


S'‘’(X, X') = e{t - t') S- {x, x') - 9{t' - t) S+ [x, x') , 

2 

F- (X, X') = * X 

5 

F+(X, X') = z X 

F-(X,X') = ^X■^" 3 ' [ ^V’n 3 {X)Wn, (+1+) (X')] , 

ns 

F+(X,X') =*X-^-3' [ -V’^3 {X)w^, (-I-) +^„3 (X')] , 


(8.4) 
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Using relations dill), we can represent the difference between the both propagators as follows 

SP{X,X') = SP^{X,X') - S'={X,X') 

= -z ^ M-^ [ -V'na (^) ( 0 | - +) - v ;„3 (X')] . (8.5) 

It is formed in the range U 3 only and vanishes if there is no pair creation. 


IX. SAUTER POTENTIAL 

A. Scattering, reflection, and pair creation on the Sauter potential 

Let us consider an x-electric potential step in the form of the Sauter potential Q . In this case 

Ao(x) =—aEtanh(x/a), a > 0, 

E{x) = Ucosh”^ 1 U {x) = —eAo{x) = eUatanh {x/a ), 
see Fig. [l] and the asymptotic quantities introduced in Sec. Ullare 

Ur = —Ul = U (+ 00 ) = eEa, U = 2eEa, ttq (L) = Po + eUa, ttq (R) = Pq — eEa . 


(9.1) 


Solutions (13.6|) of Dirac equation (12.81) with special asymptotic behavior at x —>■ ±00 are expressed via the corre¬ 
sponding solutions of Eq. (13.51) . The latter have the form 


C‘Pn{x)= ^ATexp (iC|p^| x) 


1 


^Ixja 


-i(C|p^| + |p^|)a /2 


qU (x) , 


+u (x) = F (a, b; c; ^), -U (x) = F (a -I- 1 — c, 6 -I- 1 — c; 2 — c; 5); 
^Pn{x)= ‘^Arexp{t\p^\x) ^m(x), 

'^u (x) = F {c — a, c — b; c + 1 — a — b', 1 — 0 1 


u(x) = F [a,a + b 1 — c\l — , 

“ = Y + |P^I) + ^ + (i “ [eEa^f + ixeEo? 

^ = Y + \P^\) + ^ “ (i “ {eEa^y + ixeEa^ 

1 


1/2 


1/2 


1 -I- zq; I , ^ = - f 1 + tanh , 
' ' 2 V a/ 


(9.2) 


where F {a,b; c; is the hypergeometric series of variable ^ with the normalization F(o, 6;c;0) = 1, [^ . As was 
already mentioned in Sec. m the quantity x can be chosen to be either x = -|-lorx = — 1 , and (^Af and are 
normalization factors given by Eq. (13.371) . 

A formal transition to the Bose case can be done by setting y = 0 in Eqs. (19.21) . In this case n= (poi Px)) and 
and ^AA are normalization factors given by Eq. (13.441) . 

For fermions, using Rummer’s relations and Ea. (l3.39L one can find coefficients 5 (+ |“ ) to be 


/ l_x* +(7 F (c) F (c — a — 6 ) 

' C i (c — a) 1 (c — 0 ) 

where and ~C are constants given by Eq. (|3.37p . Then 


9U 


-)r=u 


sinh (na 

\p^\ 

) sinh (na 


1 ) 

|sinh {zra [eEa + 5 (|p^| — b^D] } sinh {zra 

[eEa - i (|pL| _ |pR|)]} 


(9.3) 


(9.4) 


In the similar manner we obtain coefficients g {+ \ )* for bosons, 


+(7 F (c) F (c — a — &) 
-C'r(c-a)r(c- 6 ) ’ 


9[+ 


(9.5) 
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where +C and 


C are given by Eqs. (13.441) and parameters a, b, and c are given by Eq. (19.21) at x = 0. Then 


sinh (tto 

P^\ 

) sinh (tto 

pK 

) 

cosh^ 


1 

4 

-I- sinh^ [- 



(9.6) 


Relations (lOl) and (j9.6l) for I 5 (+ | )| ^ hold in the ranges fli, fls, and Q 3 . However, their interpretations in the 
range H 3 and in the ranges Hi, H 5 are completely different. 

Using Eqs. (15.51) and (15.61) . we find reflection and transmission probabilities for electrons in the range 

Hi and for the positrons in the range H 5 , that formally have the same form in terms of the quantities I 5 (+ |~ )|, 


lRc.nl'= l-|Tc,„^ |rc,„|'= |5(+|+) 


1 +| 5 (+| ) 


(9.7) 


However, the latter quantities are given by Eq. (lOl) for fermions and by Eq. dSH) for bosons. As was already noted 
in Sec. IV B[ Eqs. (19.71) imply that |Tc,n|' < 1- 

In the range H 3 , the quantity has the form (_|_ |“ )| ^ (17.71) . where \g (+ |“ )| ^ are given by Eq. (19.41) 

for fermions and by Eq. ( 1 ^ for bosons. As was already demonstrated, in the general case, for fermions one has 

According to our interpretation presented in Sec. IVHDl it is known that in the range H 3 , similar to the ranges H 2 
and H 4 , the in-electron or the in-positron are subjected to the total reflection such that the corresponding transmission 
probabilities vanish. In this case, (+|+) and Wn (—|—) represent relative probability amplitudes of the reflection. 
In spite of the fact that the transmission probabilities vanish, the relative probabilities of the reflection are not equal 
to unit due to the vacuum instability. The quantities Wn (H— |0) and Wn (0| —h) are relative probability amplitudes 
of an electron-positron pair creation and annihilation, respectively. 

Using Eqs. (I7.17p and (jAl3p . we can rewrite these relative probabilities and the probability for a vacuum to remain 
a vacuum as follows: 


kn(+- |0)l^ = \ 9 {+ l’^) 



K]-"=K (-i-)i'=i5 (+1”) r k (+r) r'= 

Pv =ic.p = n = n (1 - ,«={ 


' = V- (I - «iV“)-', 

4 - 1 , for fermions 
— 1 , for bosons 


(9.8) 


Eor the first time these formulas were obtained by Nikishov in the framework of one-particle relativistic quantum 
mechanics in Refs. UM- 

Equations (lOl) and (19. 6p allow one to verify that for any 7 rj_ 7 ^ 0 one of the following limits holds true: 


k(+l )l ^ ^ lap’ll 0 , k(+| )| (9.9) 

These limits imply the following properties of the coefficients I 5 (+ |“ )| in the case of the Sauter step: 

a) |(7 (+ 1 “ )| ^ 0 in the range Hi if n tends to the boundary with the range H 2 (|_p^| —>■ 0 ) 

b) \g (- 1 - 1 “ )| ' —>■ 0 in the range H 5 if n tends to the boundary with the range H 4 (|p'"| —>• 0 ) 

c) |g (+ 1 “ )|~^ —:► 0 in the range H 3 if n tends to the boundary with the range H 2 (|p^| —!> 0 ) 

d) |(/ (+ 1 “ )| ^ 0 in the range H 3 if n tends to the boundary with the range H 4 (|p'"| —>• 0 ) 

Namely these properties are essential for supporting the interpretation proposed by us in Secs. I VII and IVH Cl . 


B. Integral quantities 

Usually Sauter potential is used for imitating a slowly alternating electric field or a small-gradient field. To this 
end the parameter a is taken to be sufficiently large. Let us consider just this case, supposing that 

> I. (9.10) 

Let us consider the total number of pairs created from the vacuum by Sauter potential with a large parameter 
a. This quantity can be calculated using Eq. (17.131) with differential numbers given by Eq. (IE3I) in the Appendix 
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11 In the case under consideration these numbers are the same for fermions and bosons and do not depend on the 
spin polarization parameters ag. Thus, for fermions, the probabilities and mean numbers summed over all CTs are 
J(^ci) = 212 ]“^ times greater than the corresponding differential quantities. To get the total number of fermion 
pairs created in all possible states one has to sum over the spin projections and then over the momenta pu and energy 
Po- The latter sum can be easily transformed into an integral as follows 


E E^" 

p_L,poGn3 O- 


V±TJid) 


dpodp±N^ 


(9.11) 


where Vj_ is the spatial volume of the {d — 1 )- dimensional hypersurface orthogonal to the electric field direction and 
T is the time duration of the electric field. The total number of boson pairs created in all possible states follows from 
Eq. (19.111) at J(d) = 1. 

To calculate the integral in the right-hand side of Eq. (19.111) , we can find a subrange D C fls where this integral is 
collected. It is demonstrated in Appendix |E] that the quantity iV“ is almost zero in some areas near the boundary of 
the range Such areas are characterized by the conditions 

TTO |p^| < 1 or Tra \l^\ < 1. 

For areas that are closer to the center of the range fla, where either 1 < tto |p^| < irkma or 1 < tto \p^\ nkma, 
the quantity satisfies Eqs. (IE12I) . Therefore it is almost zero if 


k < 


nma 

2 


(9.12) 


We assume that inequality (19.121) holds true together with Eq. (IE9I) . found in the Appendix |E1 Therefore, the 
main contribution to integral (19.111) is due to the subrange D C ils that is defined by Eqs. (IE7I) and (IE14I) (see the 
Appendix |E| . In this subrange the functions iV“ can be approximated by Eq. (IE15I) , and the integral (19.111) can be 
represented as 

'T' T r peEoL — Kja 

/p, =2 / dpoe-^\ (9.13) 

J cii 7 r±<K± Jo 

where r is sriven bv Eo. (IE15I). Bv using a variable s. defined as t = A + 1) , one can represent the quantity Ipj_ 
as follows 


pSma.x . 2 \ 

/p, = 2 / +i)/(po(s))ds, (9.14) 

Jo 

where the number Smax is defined by the relation r^ax = A (s^^x + l) ^^.d Tmax is given by Eq. (IE17I) . Note that the 
expansion of r in powers of po has the form 


r = A -I- 




(9.15) 


The leading contribution to integral (19.141) is formed at s —>■ 0, or equivalently as po/eEa —>■ 0. Using expansions 

Po (s) = eEas (l -I- C 2 S^ -I- 045 ^ -(-...) => / (po (s)) = eEa (l -I- 3 c 2 S^ + ■ • ■) > 

where finite coefficients C 2 , C 4 , ..., can be found from Eq. (I9.15L we obtain the following asymptotic expressions for 
the quantity , 


2eEa [ ft: 2eAa / 


(9.16) 


Jo Jo 

Substituting it into integral (19.131) and neglecting exponentially small contribution from the integration over 7 r_L > 
K±fa, we find 


= [ ds 

(27r)"* Jo 




V±Tn^\ 


(9.17) 
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It should be noted that the density (per the d — 1 space volume) of pairs created by t-electric potential step 
given by the Sauter-type vector potential Ai{x^) = aE a) with large a (eEa^ ^ max (l, m^/ei?)) is given 

by the same integral (I9.17|) as was demonstrated for the first time in our work [53|. 

Finally, performing the integration over pj_, we obtain 


n 


cr 


J(d)OiS 

(27r)'^-i 


{eE) 2 exp 



Here 


POO 

6= exp 

Jo 




d — 2 \ 

2 ’ 


where dt {a,b]x) is the confluent hypergeometric function and = 1 for bosons. 
The vacuum-to-vacuum transition probability Py reads 


Py = exp 

ej = Q, 


d — 2 m? \ 


exp 



If eE/rrP << 1, one can use the asymptotic expression for the dt-function 


(9.18) 


(9.19) 


(1/2, -id-2) /2; jirm'^/eE) = {eE / V O ( [eE/m^] . 


Then S ~ eE/m?^ ej ~ j~i and /i ~ I. 

In d = 4, the formula (I9.19|) reproduces a result obtained in Ref. [dlj for bosons, and a result obtained in Ref. [i^ 
for fermions. 


C. The Klein step 

The Klein paradox was discovered by Klein Q who calculated, using the Dirac equation, reflection and transmission 
probabilities of charged particles incident on a sufficiently high rectangular potential step (Klein step) of the form 

where Un and are constants. According to calculations of Klein and other authors, for certain energies and 
sufficient high magnitude U = Ur — Ui^ of the Klein step, there are more reflected fermions than incident. This is 
what many articles and books call the Klein paradox. Let us study quantum processes near the Klein step, applying 
our approach to the Sauter potential with a sufficiently small, a —>■ 0. 

The Sauter potential with constant asymptotic potentials, C/r = -Vl = U/2 = eEa and with small a, 

Ua<l, (9.21) 

imitates the Klein step (19.201) sufficiently well, and coincides with the latter as a —>■ 0. Thus, the Sauter potential can 
be considered as the regularization of the Klein step. 

In the ranges Hi and H 5 the energy |po| is not restricted from the above, that is why in what follows we consider 
only the subranges, where 


max {a \p^\ , a |p^|} "C 1 . 

Then in the leading-term approximation in a it follows from Eqs. (lOl) 9(iid. (|9.6p 


|5(+l ) 


I -2 


Ak 


[i-kY 


k = 


= ^ C(R )+^1 ’ fermions 
h = for bosons 


(9.22) 


(9.23) 
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where k is called the kinematic factor. 

Note that in the ranges and fls we have that both fcf, and kf are positive and do not achieve the unit values, 
kb ^ 1, kf ^ 1 . 

It should be noted that the quantity |g (+ |“ )| ^ was calculated in Refs. i 0,02, M only at p_L =0. Equation 
(19.231) contains these results as a particular case. 

In the ranges IIi and fls, coefficients g satisfy the same relations for bosons and fermions, 


5(+r)r=k(+i-)r+i- 


(9.24) 


Therefore, reflection and transmission probabilities derived from Eqs (j9.23|) have the same forms, common for bosons 
and fermions 


\Tcuf=\9{+ 




-) 


1-2 


Ak 


(i + fc) 


2 ’ 


k(+r)l" = 


(i + fcf 


(9.25) 


To compare our exact results with results of the nonrelativistic consideration obtained in any textbook for one 
dimensional quantum motion, we set p± = 0, then 7 rj_ = m, ttq (L) = po = rn + E, and ttq (R) = m + E — V. 

In this case 


kf = pkb, p, = ^ ^ = [I - U/ (E + 2m)] ^. 

TTo (R) + m 

Eor sufficiently small steps U <C E + 2m, we have I+U/(£' + 2m). In the nonrelativistic limit, when E <C m, 
we obtain 


kb = kf = k^^ = 

which can be identified with nonrelativistic results, e.g., see (dsj j. Relativistic corrections have different forms for 
bosons and fermions. 


kb 




Let us consider the range Ila. Here quantum numbers pj_ are restricted by the inequality 27rj^ < U and for any of 
such 7 rj_ quantum numbers po obey the strong inequality (I3.3ip . see Eig. 3. In this range the quantity ](?(+ |“)| ^ 
represents the differential mean numbers of electron-positron pairs created from the vacuum, = jg (+ |“ )| . In 

this range for any given tt± the absolute values of |p^| an d |p^ | are restricted from above, see ( 1061 ) . Therefore, 
condition (19.211) implies Eq. (19.221) . Then it follows from Eq. (19.41) that for fermions in the leading approximation the 
following result holds true 


4|p^| \p^\ _ 4|fc/| 

U2 - (|pL| _ |pR|)2 


(9.26) 


Note that expression (I9.26P differs from expression (19.231) only by the sign of the kinematic factor kf. This factor 
is positive in Hi and H 5 , and it is negative in H 3 . In the range H 3 , the difference |p^| — |p^| may be zero at po = 0, 

which corresponds to fcy = — (U -I- 27rj_) / (U — 27rj_). Namely in this case the quantity \g (+ |“ )| has a maximum 
at a given 7rj_, 


max 


5 (+|-)| " = I - (27r^/U)^ 


(9.27) 


As it follows from Eq. (19.61) for bosons in the range H 3 and in the leading approximation, the quantity Iff (- 1 - j )| reads 


9[+ 


4 \p^\ 


a2U4/2 + (|pL| _ |pR|)^ 


(9.28) 
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It has a maximum at \p^ \ — = 0, 


max \g (+ 


)l" = 


(aU)-^ 


1-f^ 
V U 


(9.29) 


However, in contrast with the Fermi case the limit a —^ 0 in (19.281) is possible only when the difference \p^ \ — \p^ 
is not very small, namely when 


a2uV2< (|pL| - |pR|)^ 

Only under the latter condition one can neglect an a-depending term in Eq. p.28ll to obtain 


5(+l ) 


4fcb 


(9.30) 


which coincides with Eq. (19.2311 . 

The same results for jp (+ |“ )| ^ in the forms (19.261) and (I9.30|) at pj_ = 0 were obtained in Refs. 

In the range O 3 , relation (19.241) still holds for bosons, whereas for fermions we have 

|p(+| + )|'= |5(+|-)|'-1. (9.31) 

Relative probability amplitudes of the reflection and of electron-positron pair creation follows from Eqs. (19.811 . (19.2611 
and (19.301) to be 

\wn (+ - |0)|" = \g (+ 1 + ) |“" = 

{l + k) 

K (-l-)l^ = |5 (+ |-)|' \9 (+ |+)r' = 7^-^- (9.32) 

{l + k) 

We see that expressions (19.321) for \wn (H— |0)|^ and \wn (—| —)|^ are quite similar to the forms of transmission and 
reflection probabilities given by Eqs. (19.251) . respectively. However, in case of fermions, the range of values of these 
functions is quite different because kf < 0 in Eq. (19.321) . This is natural, since the interpretation of these quantities 
in the range H 3 differ essentially from their interpretation in the ranges Hi and H 5 . This formal similarity was the 
reason for the systematic misunderstanding in treating quantum processes in the Klein zone. 


D. Klein paradox 

We remind that the Klein paradox dating back to the works of Klein @ and Sauter 0 i (see Sommerfeld 
as well) is that when considering scattering of relativistic electrons on a high step potential in the context of the 
Dirac equation one comes to a strange result that there is more reflected electrons than incoming. One of the initial 
resolutions of the paradox was reduced to the impossibility that there is no possibility of establishing the appropriate 
high-step potential. However, later Hund studied the paradox in connection with pair production [55l| and it seems that 
Feynman was the first to point out that the paradox should disappear in a field-theoretical treatment [1^ . A detailed 
historical review can be found in Refs. absence of the Klein paradox in the framework of appropriate field 

theoretical interpretation of solutions of the Dirac and Klein-Gordon equations was first demonstrated by Nikishov 
in Refs. [3, [I3|. In these works Nikishov used a reformulation of the Green theorem to demonstrate an analogy 
between the propagation in time t and in the space coordinate x and thus to identify solutions of the Dirac equation 
that describe electrons and positrons. Nikishov had tested his way of calculation using the special case of a constant 
and uniform electric field. In this case, explicit solutions of the Dirac and Klein-Gordon equations can be found in 
the constant electric field, which can be described either by a vector potential with only one nonzero component 
Ai{t) = Et, or by a scalar potential Aq{x) = —Ex alone, only, see details in 0 . The first case can be treated as 
a degenerated t-electric potential step and the second case can be treated as a degenerated z-electric potential step. 
Gomparison of exact solutions in these cases allowed that author to confirm his interpretation for x- potential steps 
referring to the well developed Feynman interpretation of the t-electric potential step. His calculations give a clear 
qualitative explanation of the physics involved in Klein scattering. However complete consideration of the scattering 
on arbitrary a;-electric potential steps in the frame work of a consistent QFT consideration was not given. 
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Applying our general approach to particular cases that were studied by Nikishov, we obtain the same results. In 
particular, his point of view that the scattering theory that works within the ranges and Sis cannot be applied to 
the range Ids has a clear support in our general approach. 

In the ranges and fls transmission and reflection probabilities for bosons and fermions are expressed via the 
coefficients g as follows 


irc,„|2 = i5(+i+)i % ii?c.ni" = i5(+r)ri5(+r)i ■ ( 9 . 33 ) 

As follows from unitarity relations the sum of these probabilities satisfies the relation of probability conservation, 

\Rcnf+ \Tc,n\‘'= 1. (9.34) 

In particular, for the Klein step we obtain Eq. (19.251) 

" |9{+r)f|9(dbr' = ^^^. ■ (9^35) 

1 ^ I j\ 1 ^ I /\ 1 ^ kb, Bose case ^ ^ 


9U 


\‘2 ’ 


(i + kY 

In the range Ila, we obtain for the Klein stepH 

4|fc| 


i5(-tr)r = 


{i+k) 


2 ’ 


I /" I- t P I /" 1+ t 1“^ 

k(d )l k(d )l 


2 > 


(9.36) 


where for fermions one has k = kf < 0, see Eq. (j9.26p and Eq. (19.3011 . 

If by analogy with the ranges fli and fls we believe that \g (+ I'*' )|~^ and \g (+ |“ )|^ \g (+ I'*" )|~^ are transmission 
and reflection probabilities, respectively, then we have to accept that there will apparently be more fermions reflected 
than coming in. This is the situation first considered by Klein. Besides, in this case there will apparently be more 
fermions transmitted than coming in and the following relation will hold true 


|g(+|-)|"|5(+|+)| "-|g(+|+)| " = I, (9.37) 

which does not imply Eq. (19.3411 . These contradictions do not exist in the framework of our approach with correct 
interpretation of the quantities (I9.36|l . Indeed, as follows from Eq. (j7.17ll the quantity | 5 (-|_ |+)| is the relative 
probability of the electron-positron pair creation. 


(+ l"^)! =\Wn{+- | 0 )|^ , 


and \g{+ \ )|^ |g (+ |+)| ^ 


is the relative probability of the electron (positron) reflection, 


(9.38) 


5 (- t | ) n5 (+|’^)| ^ = kn(-|-)|^ = |Wn(-f|-f)|^ 


(9.39) 


in the range Besides, the a;-electric potential step creates pairs in the region fla, the differential numbers of 
such pairs being A^“ = |g (_|_ |“ )|~^ (17.71) . In this situation the many-particle nature of the problem is essential, and 
relations of probability conservation are quite different in the range fla and in the ranges fli and Ids. Unitarity of 
canonical transformation between the in- and out- creation and annihilation operators was proved in the general case 
in Sec. I VII PI Here it is enough to mention that for fermions the quantity 

p" = K(+|+)r^ = (l-fV-) (9.40) 


is the probability that the partial vacuum state with a given n remains a vacuum. Due to the Pauli principle, if an 
initial state is vacuum, there are only two possibilities in a cell of the space with given quantum number n, namely, 
this partial vacuum remains a vacuum, or with the probability p” |w„ (-1— |0)| a pair with the quantum number n 
will be created. Then Eq. (19.371) is just the condition of probability conservation, 

p))+pO|n;„(+-|0)|' = I. (9.41) 


^ In Sec. IIX Cl we have demonstrated that for bosons Eq. (I9.3QII holds true only in a part of Q 3 , where the difference — \p^\ is not 
very small. 
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It is obvious that many particle consideration is necessary for correct interpretation of relation (j9.37|) . The same 
is true when we consider one-electron initial state with a given n. Here again due to the Pauli principle, creation of 
a pair of fermions with the same quantum number is impossible. Then the total reflection of the initial particle on 
the x-electric potential step is described by the conditional probability of reflection under the condition that in all 
other cells of the space with quantum numbers m ^ n partial vacua remain vacua. Such a probability has the form 
\wn{+\+)\‘^Py ■ Consequently, 

\wn{+\+)fp^ = l. (9.42) 

This result is consistent with calculations of mean occupation numbers given in Sec. 1C 21 
For bosons, in the range H 3 , the correct interpretation of quantities \g (+ |+ )| 

I 5 (+ 1 “ )| I 5 (+ 1 + )| and I 5 (+ 1 “ )| coincides with the one for fermions, they are relative probabilities of a pair 
creation and electron/positron reflection respectively. However, for bosons an additional relation holds, 

k (+DT k (+1^)1 ^ + |5(+I’^)| ^ = 1- (9-43) 

It formally can be understood as relation (19.341) . However, here equation (19.431) is a relation for relative probabilities, 
and does not admit an interpretation in the framework of one-particle theory. Due to the vacuum instability the 
probability conservation has to be considered in the framework of many-particle theory, taking into account that in 
the bosons case in a given state n any number of pairs can be created. The unitarity of canonical transformation 
between the in- and out- operators was proven in Appendix]^ Here it should be noted that for boson the probability 
that the partial vacuum state with given n remains a vacuum is 

K = kn(+|+)|^ = (l + iV-)-' (9.44) 


The conditional probability of a pair creation with a given quantum numbers n, under the condition that all other 
partial vacua with the quantum numbers m ^ n remain the vacua is the sum of probabilities of creation for any 
number I of pairs 


P(pairs| 0 )„ = p" 




(9.45) 


In this case Eq. (19.431) is the probability conservation law in the form of a sum of probabilities of all possible events in 
a cell of the space of quantum numbers n: 


P(pairs| 0 )„ -f p” = 1 . 


(9.46) 


X. SUMMARY 

When quantizing charged fields (those of Dirac and Klein-Gordon) in the presence of x-electric potential steps, 
we succeeded to describe quantum theory of the systems under consideration in terms of adequate in- and out- 
particles. These particles represent positive-energy excitations above the corresponding in- and out-vacua and have 
all natural physical properties inherent to such particles in various examples of known QFT models. In fact, the 
idea of introducing such particles is an advancement of the well-known Furry picture in QED with external magnetic 
field [131 and of the generalized Furry picture in QED with t-electric potential steps [5|. For the class of external 
electromagnetic field, which we identify as the x-electric potential steps, we define special solutions of the relativistic 
Dirac and Klein-Gordon wave equations that expand the corresponding Heisenberg field operators in adequate in- 
and out-creation and annihilation operators related to the in- and out-particles. Solutions, which we have used in the 
implementation of the quantization program, were chosen as stationary solutions with special asymptotic behavior 
at the remote left and remote right sides of the potential step (of course, this choice is not unique). These solutions, 
by their asymptotic behavior, are labeled also by a set of quantum numbers n that include the total energy pq, 
transverse momenta pj_, and the spin polarization (the latter in the case of the Dirac field). In the most general 
case of critical steps with the potential difference U > 2 m, there exist five ranges of quantum numbers n, where 
these solutions have similar forms, and physical processes with the corresponding in- and out-particles have similar 
interpretation. A detailed consideration of various physical processes with these particles had confirmed justified their 
definitions and had demonstrated that: 

a) In the first range po > Ur + (ti'j. = there exist only in- and out-electrons, whereas in the fifth 

range po < Ui^ — 7 rj_ there exist only in- and out-positrons. In these ranges electrons and positrons are subjected to 
the scattering and the reflection only. No particle creation in these ranges is possible. 
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b) In the second range C/r — 7r_L < po < if 27r_L < U, similar to the first range, there exist only electrons 

that are subjected to the total reflection. In the fourth range 17 l — ’’"i < Po < + ’’"j, there exist only positrons that 

are also subjected to the total reflection. 

c) In the third range Ul + < Po ^ t^R ~ ^'■±5 which exists only for critical steps and for transversal momenta 

that satisfy the inequality 27r^ < U, there exist in- and out-electrons that can be situated only to the left of the step, 
and in- and out-positrons that can be situated only to the right of the step. In the third range, all the partial vacua 
are unstable, processes of pair creation are possible. The pairs consist of out-electrons and out-positrons that appear 
on the left and on the right of the step and move there to the left and to the right, respectively. At the same time, 
the in-electrons that move to the step from the left are subjected to the total reflection. After being reflected they 
move to the left of the step already as out-electrons. Similarly, the in-positrons that move to the step from the right 
are subjected to the total reflection. After being reflected they move to the right of the step already as out-positrons. 

We elaborated a technique that allows one to calculate all the above described processes (zero-order processes) and 
also to calculate Feynman diagrams that describe all the processes of interaction between the introduced in- and out- 
particles and photons. These diagrams have formally the usual form, but contain special propagators. Constructions 
of these propagators in terms of introduced in- and out-solutions are presented. It should be noted that calculations 
in terms of these Feynman diagrams (as well as calculations of zero-order processes) are nonperturbative, in such 
calculations interaction with external field of a;-electric potential steps are taken into account exactly. Another 
interesting feature is worth noting: when considering reflection and transmission of in-particles in the first and fifth 
ranges the formalism of QFT allows one to calculate both the probability amplitudes of transitions between in- and 
out-states and the mean currents of out-particles in the in-states, testing in such a way the rules of one-particle 
time-independent potential scattering theory and its applicability. 

Finally, the developed theory is applied to exactly solvable cases of x-electric potential steps, namely, to the Sauter 
potential, and to the Klein step. We present a consistent QFT treatment of processes, where a naive one-particle 
consideration might lead to the Klein paradox. From this point of view we comment various approaches known in the 
literature that use pure one-particle consideration or its partial combination with elements of QFT. 
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Appendix A: Some details of scalar field quantization 

The quantization of scalar field in terms of adequate in- and out-particles can be given along the same lines as 
the quantization for Dirac field. Having results of Sec. ini a quantum scalar field 4/ (A) can be written as the 
sum ^ (A) = of operators, each one (A) in the range The operators (A), i = 1,2,4, 5. 

have similar to the fermionic case [see Eqs. (14.51) and (14.61) ] decompositions in terms of the creation and annihilation 
operators and only the operator 'I'a (A), 

4/3 (A) = [ +a„Jin) +^.^3 (A) + + 6 + 3 (in) (^)] 

na 

= [ "an 3 (out) “V'na (^) + -l>tjout) (A)] , (Al) 

^3 


is distinct from the corresponding form in Eqs. (14.51) due to the ± signs in the right-hand side of Eq. (13.501) . In what 
follows, we consider some peculiarities of the quantization of the scalar field in the range 

Taking into account relations (I3.50p and Eqs. (13.531) - (I3.55|) . one can see that commutation relations (14.31) imply 
the commutation rules for the introduced creation and annihilation in- and out-operators: all creation (annihilation) 
operators with different quantum numbers n commute between themselves; all the operators from different ranges 
rii commute between themselves, and satisfy the canonical commutation relations. One defines two vacuum vectors 
jo, in) and |0, out), using introduced annihilation operators. In the ranges 0^, z = 1, 2,4, 5 the corresponding equations 
have exactly the same form as in (14.271) and (14.281) . whereas in the range U 3 they are different since here the in- and 
out-operators are different. 


+a„ 3 (in) jo, in) = + 6 „ 3 (in) | 0 ,in) = 0 , 
_ 6 „ 3 (out) jo, out) = “a„ 3 (out) | 0 ,out) = 0 . 


(A2) 
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Partial and total vacuum states are related by Eqs. (14.291) . (I4.30p . (|4.34l) . and (j4.37p . The introduced vacua have zero 
energy and electric charge and all the excitations above the vacuum have positive energies. 

Canonical transformations between the in- and out-operators in the ranges fli and fls are similar to the fermionic 
case. In particular, amplitudes of electron reflection and transmission in the range have the same form (15. Sp as in 
the fermionic case. The form of amplitudes of positron reflection and transmission in the range fla differs from Eqs. 
(I53P only by phases. 

Justification of the presented choice of in- and out-operators can be done similarly to the fermionic case. In the 
range Vis there appear some peculiarities, since here we have different positions of ± superscripts and subscripts 
in comparing to the fermionic case, nevertheless the interpretation of sets { (^)} as electron states and sets 

{ (^tpn (-^)} as positron states is the same. The canonical transformations between the in- and out-operators are 


"a„(out) = g (+I") ^ +&],(in)(+I-) ^ g {~\-) +a„(in), 

-^«(out) = g (+I") ^g(_|") +6],(in )-^5 (+|_) ^ +a„(in), 

+ &],(in) = g (_ 1 + ) ^g(+|+) _6j,(out)- 5 (" 1+) ^ “a„(out), 

+a„(in) =-5 (_ 1 + )”^ _&],(out)-bg (" |+)”^5 (+1+) "a„(out), n e fig. (A3) 

Differential mean numbers of out-particles created from the in-vacuum are 

Nns (out) = ( 0 ,in| -al^iout) “a„ 3 (out)| 0 ,in) = | 5 (+ |“)|“^, 

(out) = (O,in I _ 6 ), 3 (out) _&„ 3 (out)| 0,in) = |g (_ | + )|"^ (A4) 


It can be shown that they are equal and define differential mean number of created pairs similarly to the fermionic 
case given by Eq. (TTZP . In contrast to the case of fermions, the quantity TV))’’ is unbounded from above due to relation 
(13.421) with formal setting jyL = ? 7 p. = 1 for bosons. If tends to zero, —?> 0, then |g (+ |“ )| —>• oo and, at the 
same time, !(?(+ |^)|^ —>■ oo similar to the fermionic case. The total number N of pairs created from the vacuum is 
defined similarly to the fermionic case given by Eq. (17.131) . 

One can see that due to relation (13.421) with ijl = gn = 1 the differential mean numbers of out-particles in 
one-particle in-states are 


( 0 ,in| ■'■a„(in) “a)j(out) “a„(out) ■'■a)j(in)| 0 ,in) = 1 -b 2 A^“, 
( 0 ,in| +a„(in) _ 6 )^(out) _ 6 „(out) +a])(in)| 0 ,in) = 2 fV“, 

( 0 ,in| + 6 „(in) _ 6 ),(out) _&„(out) +&],(in) | 0 , in) = 1 -b 2 A^“, 
(0,in| + 6 „(in) “a)j(out) “a„(out) +&),(in)| 0, in) = 2fV“, n G D 


3: 


(A5) 


and see that Eas. dASI) are quite different from Eas. (IC14l) obtained for fermions. This a consequence of the absence 
of the Pauli principle. In this case 2A^“ is the differential mean number of scalar electrons (positrons) created by the 
external field. We see that the presence of a particle at the initial state increases the mean number of created bosons. 
It is known effect for bosons, e.g., see (i^ . 

In the range D 3 , we consider relative scattering amplitudes of scalar electrons and positrons, 


U'(+!+)„'„ = c„ ^(0, out I a„-(out) +a]^(in)| 0,in), 
^(-|-)n'n = c);^(0,out| _&„-(out) +6],(in)| 0, in), 


and relative amplitudes of a pair creation and a pair annihilation, 

^ (+“ |0)n'n = c(7^(0>out I (out) (out)I 0, in), 


w ( 


- +)nn' = Cv ^( 0 ,out +bl(m) +a],,(in) 0 ,in) 


where Cy is the vacuum-to-vacuum transition amplitude for bosons 

_ (3)(o, out| 0 , in)^^^ = c„ = ( 0 , out| 0 , in). 


(A 6 ) 


(A7) 


(AS) 


As follows from relations (|A3|) . all the amplitudes (IA 6 |) and (TATI) are diagonal in the quantum numbers n and can 
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be expressed in terms of the coefficients g j as follows: 

^(+l+)n'n = 5n,n'Wn{+\+) , (+|+) = (" |+) (+ |+)”^ = 9 {- |■^)5(- |“)~^ . 

= Sn,n'Wn{-\-), w„(-|-) = g (+ \_) g (+ |+)"^ = g {+\-) g 1 “)"^ , 

Wi0\- +)^^, = 6n,n>WniO\- +) , W„ (0| - +) = -g (+ |+) \ 

'>^{+-\^)n'n = ^ri,n'Wn{+-\0), (+ - |0) = 5 (_ |" ) ^ , nGl^a- (A9) 


In the range O 3 , similar to the case of fermions, the total reflection is the only possible form of particle scattering, 
with w (+!+)„ and w (—|—)„ being relative probability amplitudes of a particle reflection. 

Unitary relations (I3.40p and their consequences (13.411) and (13.421) with setting = ? 7 r = 1 for bosons imply the 
following connections for the introduced amplitudes w: 


K(+|+)|^ = K(-|-)^ K(+-|o)|^ = 


Iw^ra ( + l+)l + I'^n (H-|0)| — 1, 


Wn (+ 1 +) 


\Wn ( 0 | - +)|^ , 
u;„(+-| 0 )* 

Wn ( 0 | - +) 


Using Eqs. (IA9|) . two lower lines in relations (IA3I) can be rewritten as 

+a„ (in) = Wn (+1+)"^ [ “On (out) -Wn{+- |0) -bl (out)] , 
+ bn (in) = Wn (-|-)~^ [ -bn (out) -Wni+- |0) ~a'l (out)] . 


(AlO) 


(All) 


Together with their adjoint relations they define an unitary transformation Vq^ between the in- and out-operators, 


{ ■'■al(in), ■'■a(in), +&'^(in), + 6 (in)} = Vha { al (out), a (out), (out), _ 6 (out)}l 4 ^ . 

Since Eqs (lAlOp and (lAlip formally coincide with the corresponding equations for the general case of time-dependent 
external field, the unitary operator Vhj can be taken, for example, from [4^ or book Q. The operator Vhj relates 
the in- and out-vacua, | 0 ,in) = Vh 3 | 0 ,out) and determines the vacuum-to-vacuum transition amplitude, 


Cv = (0,OUt|Vh3|0,OUt) = J][ Wn (-|-) . 

n 


(A12) 


The probabilities of a particle reflection, a pair creation, and the probability for a vacuum to remain a vacuum can 


be expressed via differential mean numbers of created pairs 
one finds 


By using the relation \wn (—| —)| = (1 + ^n)~ 


■P(+|+)n,n'= I(0,out| +an(out) (in) |0, in)^ (1A^") ^ , 

P(+ - |0)n,„' = |( 0 ,out| +a„(out) + 6 „/(out)| 0 , in)p = 5n,n’N^ (1 + N^)~^ Pv , 

= |c„|2 = ll K = (1 + KT' • (A13) 


The probabilities for a positron scattering P(—| —) and a pair annihilation P(0| —h) coincide with the expressions 
P(-|-|-|-) and P(-|— |0), respectively. 

Note that p" given by Eq. (IA13I) is the probability that the partial vacuum state with given n remains a vacuum. 
If all <C 1 then in the leading approximation the relation I — P„ Ri TV is the same with the case of fermions. The 
vacuum instability is not essential if —>• 0. Then like for fermions Pv —t I, P(-l-|-l-)n,rt —t 1 and P{+— |0)„,r!, —AT". 

Processes of higher orders are described by the Feynman diagrams with two kinds of charged scalar particle propa¬ 
gators in the external field under consideration, namely, the so-called in-out propagator A'^(A, A'), which is just the 
causal Feynman propagator, and the so-called in-in propagator Af^{X,X'), 

A"(A, X') = i{0, out|f 4- (A) (A') |0, in)c-i, 

AfjA, A') = *(0, in|f 4- (A) (x') |0, in). 


(A14) 
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We find the in-in propagator as 


AL(X,X') 

Arn(A,X') 

A+(X,X') 

4-n(A,X') 

A+(X,X') 


eit - t')AriX,X') - 9{t' - t)A+{X,X'), 

2 

*^G,(X,X') + ArJX,X'), 

5 

-^Y,G,iX,X’) + A+{X,X'), 

i=4 

+V^:3(X'), 

na 

+V'na(A) +V^: 3 (X'), 


(A15) 


where the functions Gj {X,X') are given by Eq. (13.521) . and obtain for the in-out propagator that 

A=(A:, X') = 9{t - t')A%X, X') - 9{t' - t)A+{X, X '), 

2 

A-(A, A') = ^ E Gj (A, A') + A-(A, A'), 

5 

A+(A, A') = -^EG, (A, A') + A+(A, A'), 

A-(A,A') =iY^nl [ -i’n, (A)rc „3 (+|+) +^3 (A')] , 

na 

A+(A,A') = [ +V’na (A) 1 C „3 (-|-) -C 3 (A')] • (AI 6 ) 

ns 

Using relations (13.381) with ?7 l = »7r = 1 for bosons, we can represent the difference between the both propagators 
as follows 

AP(A, A') = Af„(A, A') - A°(A, A') 

= ^ [ +V-„3 (A) wns (0| - +) +Ca (A')] ■ (A17) 

ns 

It is formed in the range fla only and vanishes if there is no pair creation. 


Appendix B: Orthogonality and normalization on t-constant hyperplane 


Integrating in (13.461) over the coordinates and using the structure of constant spinors Va that enter the states 
tpn (A) and (A), we obtain: 


('0rajV’n') — ^(T,tT'Spj^^p'^V±'R-, 

0 = (x)bo+p[, 




7^ = 


Qdx 


J-kc^) 

- 2U (a;)] [pq -U{x)+ xidx] v'n’ ■ 


(Bl) 


Then we represent the integral TZ as follows 


n = 



Qdx + 


nK 


(R) 


Qdx - 


Qdx . 


(B2) 


Due to our suppositions about the structure of the scalar potential Aq {x) only the second terms in the right-hand 
side of Eq. (IB2I) depends on the external field. At the same time, the smoothness of the scalar potential allows us 
to believe that this integral is finite. The first and the third terms are calculated as integrals over the areas where 
the electric field is zero but the scalar potentials, as being constant, differ from zero. Thus, functions p (x) and ip' (x) 
entering the quantity 0 (IBII) are different for the left and the right areas even for equal quantum numbers n and n'. 
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First, we evaluate the quantity TZ for coinciding quantum numbers n and n', and then we calculate the norm squared 
{ipm'fpn) of the introduced solutions for any n. In this case Eq. (IB2I) reads: 


'^\n=n' ~ + T^int + T^R, 

/ XL rXB. 

Qhdx, 72.int = / 0|r!,=r!,' dx < 00, TZr = / 0Rdx, 

0L/R = (x) StTo (L/R) [tTq (L/R) + xidx] (x) ■ (B3) 


If we consider only solutions from the sets { (-^)} and { ‘’^pn (-^)} > then the first line in Eqs. (IB3I) looks 

different in the ranges n S fli U Ha U IIs, n G n 2 , and n G 144. Namely, 


— TZr + T^r + O (1), , n € rii U fla U fla, 

^lrt=n' “ +0(1)) n G 112) 

=7eR + 0(l), nG^i, (B4) 

where the designation 0 ( 1 ) is used here and in what follows for the terms that satisfy the relation 


lim 

^^(L/R) ^oo 


0 ( 1 ) 

if(L/R) 


= 0 . 


Consider the quantities 7 ?.l/r (|B3I) defined by the functions (a::) and ^(pn (x). In this case we attribute the 
corresponding index ( to these quantities as follows: TZr/h —>■ (TZr/h or TZr/h —>■ ^TZl/r. Using Eqs. (|3.14|1 . (j3.18|l . 
and (|3.37|) . we obtain 


^TZl = 


TTO (L) 


+ 0(1 ), <7Zr = V^K(’^^ 


TTq (R) 


+ 0 ( 1 ). 


(B5) 


This result allows one to find the square norm of the states with n G U 2 U U 4 , 


ipPn^ l/’n) — a+ln) ^ ^ ^2 U II 4 J 


Mn^ = 2 - 




T 


TTo (L) 


+ 0(1), Mn,=2 


Ki^) 

T 


TTq (R) 


+ 0 ( 1 ). 


(B 6 ) 


To calculate the quantities ^7 ?.r and '’72.L that correspond to functions Pn (x) with n G Ui U U 3 U U 5 we have to use 
relations between the functions (^pn (x) and ‘^pn (x). It follows from Eq. (jBlI) that the matrix elements {ipn, '4’'n') 
diagonal in quantum numbers a. Using this fact, one can easily see that relations (13.381) remain valid under changing 
the functions Qipm (-^) and ^ ipm {X) to (Pm (x) and Pm (x). Using these relations, and taking into account eqs. 
(I3.14D . (13.181) . and (13.371) . we find 


^TZr = 
^7^L = 


TTq (R) 


pn 

TTO (L) 


pL. 


i5(ci^)r+k(ci )i 

5(+nr+i5(-i^)r 


- 0 ( 1 ), 

0 ( 1 ). 


These results allow us to find square norms of states with n G fli U U 3 U U 5 . They are 

(cV'ra)CV'n) = C^L + C’^R> ( ^V’n) = ‘"TZh + ‘"TZr . 


(B7) 


(B 8 ) 


Note that these square norms are of the order of the large numbers and/or 

In the case n ^ n', we already know that (%pn,'4’'ni) ^ ■ Thus, it is enough to study the quantity 

^U=.dPr=p', poPp'g order to make up a conclusion about the complete inner product (IBII) for n ^ v!. Let us 
consider solutions ipn (-^) and {X) with a given asymptotic behavior and for a — cr',pj^ = Pj_)Po p'o- la this 
case po ^ Po implies ^ p^' and/or p^ ^ p^'. That is why the quantities 0 are oscillating functions of x in the 
both regions S'l and Sr, and the modulus of the quantity TZ\^^^, poPp’ finite. Then for any n,n' G we 

have 


= 0(1), n^n'. 


(B9) 
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One can easily verify that the relation 

=0(1) (BIO) 

holds true for any stationary states. Thus, the Hamiltonian H is Hermitian as —>• oo. 

In what follows, such matrix elements always appear divided by terms proportional such that they can be 

neglected in the limits —>• oo. Thus, we further assume that all the wave functions (described in subsections 

IIII Al and IIII Bll having different quantum numbers n are orthogonal with respect to the introduced inner product on 
the hyperplane t = const. 


= 0 , n yf n'. 


(Bll) 


Then the complete orthonormality relations ()3.47|1 for the ranges VI 2 and 174 follow from Eqs. (|B 6 I) and (IBlip . 

Orthonormality relations for solutions with quantum numbers n G Hi U Ha U Hs are considered below, they are 
more complicated since such solutions have an additional quantum number 

There always exist two independent solutions with quantum numbers n G Hi U H 3 U H 5 . In spite of the fact that 
these solutions are obtained in the constant external field, we believe that they represent asymptotic forms of some 
unknown solutions of the Dirac equation with the external field that is switched on and off at t —>■ ±00 and that 
effects of the switching on and off are negligible. We believe that there exist orthogonal pairs of solutions describing 
independent particle states at the initial and final time instants, and [since the inner product (13.4611 does not depend 
on t in the limits —>■ 00 ] that such solutions remain orthogonal at arbitrary time instant. Below, we are going 

to find out which solutions under consideration form such orthogonal pairs. 

Let us consider the inner products n G Hi U H 3 U H 5 . They are written (see (IBII) and (IBSI) ! in terms 

of the quantities TT-l/r as follows 

(c n = / 0L (c ) dx, 77r (c 1^') = ^ ©R (c ) dx, 

©L/R (c ^ ) = C.V’n (x) 27ro (L/R) [ttq (L/R) + xidx] ^ (x ), 

n G Hi UH 3 UH 5 . (BI2) 

As was mentioned before, relations (13.381) remain valid if the functions (X) and '(/'rii (-^) are changed to the 
functions (x) and Pm (x). Using this fact, we express the functions (x) in terms of (^Pm (x) in TZl (c ^ > 

and the functions QPm (a;) in terms of ^Pm (x) in 77 .r (c ^ Then taking into account Eqs. (I3.37L we obtain 

TTo (L) 


(c|^') 

7eR(c|^') 


pu 

TTo (R) 




9(c|'') 


0 ( 1 ), 

fO(l). 


(B13) 


Then we consider only the case n G Hi U H 5 . For n G Hi, due to the inequalities ttq (L) > ttq (R) > 7 r_L, both sets 
of solutions describe electrons. For n G H 5 , due to the inequalities ttq (R) < ttq (L) < — 7rj_, both sets of solutions 
describe positrons. In both cases Tyn = ijr- Then it follows from Eqs. (1531) cLnd. f jii? 1 3|) thcitj 


^ V^n) — 0; n ^ U ^^5 , 

if we assume that the quantities satisfy the following relation 

7 ^ = 0 { 1 )., 


(B14) 


(B15) 

p-- 

that was first proposed by Nikishov in Ref. [a. Condition (IB14I) means that for n G Hi U H 5 solutions (A) 
and ~‘’4>n (A), represent independent physical states. The currents (13.361) of these independent physical states have 
opposite directions. 

Let us consider the range n G H 3 . In this range, the inequalities tto (L) > 7r_L and tto (R) < — 7rj_ hold true and 
ryu = — TyR = +!■ Then it follows from Eqs. (|B3I) . (|BI3I) and (|BI5l) that 

(BI 6 ) 


(cV'n,^ i’n) =0, n G H 3 . 
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Thus, for n G ^3 solutions (^ipn (X) and ‘’ipn (^)i represent independent physical states. Formally, the difference 
between the two cases n G U ffs and n G fla is owing to the difference in signs in the unitarity relations for these 
cases. The currents (j3.36|) of these independent physical states have the same directions. 

Finally, using Eqs. (13.401) . (IB8I) . and (IB15I) . we obtain the orthonormality relations (13.471) for the ranges .i = 
1,3,5. 


Appendix C: Some mean valnes 
1. Mean valnes in fli and fls 

L All mean values of the QFT charge operator Q given by Eq. (14.221) in states (15.ip are —e, whereas all mean values 
of the QFT charge operator Q in states (j5.2l) are +e. 

IF Using Eqs. (14.211) and (14.161) . we can verify that all the kinetic energies of the states under consideration are 
positive. For the electron states, we obtain: 

(0| +a„,(in) +aj,^(in)|0) = +£n, > 0 , 

(0| “a„i(in)H''“ “a];^(in)|0) = ~£ni > 0 , 

(0| _a„i(out)H'''" _a],^(out)|0) = _£n^ > 0 , 

(0| +a„i(out) +a],^(out)|0) = > 0 , (Cl) 

whereas for the positron states, we have 

(0| _6n,(in)H'^'" _5+Jin)|0) = - -£n, > 0 , 

(0| +6„,(in) Hk- +6+Jin)|0) = -+£:„,> 0 , 

( 0 | + 6 „ 5 (out) +6+Jout)|0) = - +£n^ > 0 , 

(0| -6„,(out) -6+Jout)|0) = - > 0 . (C2) 

III. Let us calculate differential mean values of out-particles with respect to different in-states (ED and (ED- To 
this end we have to find the corresponding mean values of the following operators, 

■^4i(out) +a„i(out), = -at^(out) _a„i(out), 

= " 6 jj,(out) " 6 n,(out), = + 6 );^(out)+ 6 „ 5 (out). (C3) 

Technically it can be done by using canonical transformations (14.331) between in and out operators, derived in Sec. 
IIV Cl Thus, we obtain 


( 0 ) = (0 


C."i 

(o) 


N. 


(o) 


C."i 


o) = o, N^%A0) = (0 


N 


ib) 

C,n5 


0 ) = 0 , 


K’+) = (o +“m(in) 


|5(+|+)^^ C = + 

|5(+|+)r^5(-|+)^ c = - 


0 ) = 


0 ) = 


|g(+|+)^^ C = - 
|g(+|+)r^|g(_|+)^ C = + 


|g(+|+)^^ C = + 
|g(+|+)r^|5(-|+)^ C=- 

|g(+|+)^^ C = - 

|g(+|+)r^5(-l+)r c = + 


0 ) = 


see (I3.39P for the definition of the coefficients g. 

Then it follows from relations (I3.4ip and (13.421) that 


(C4) 


(ni, +) + (m, +) = (m, -) + (m, -) = 1; 

(^5, +) + (ns, +) = («5, -) + (ns, -) = 1 ■ 


(C5) 
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Thus, the number of electrons with quantum numbers ni and positrons with quantum numbers ns are conserved in 
the course of scattering off the x-electric potential step. 

III. Using the electric current operator J (|4.26p . we construct the corresponding renormalized operator J. Its mean 
value in the vacuum state is zero, 


J = J-(0 


J 


0 ) = 0 . 


(C 6 ) 


Then, using orthonormality condition (13.361) . we calculate currents created by one-electron states in the range Ui: 

+a„i(in)J+a]j^(in) 0 ^ =-e < 0 , 


(C7) 


■a„i(in)J “a|^^(in) 0 ^ = e > 0 , 

(q _a„i(out)| _ajj^(out) 0 ^ = e(A4„iT)“^ > 0 , 

■'■a„i(out)J ■'■a]^j(out) 0 ^ = -e{MmT)~^ < 0 , 
and currents created by one-positron states in the range U 5 : 

(|o _ 6 „ 5 (in)J _ 6 jjJin) 0 ^ = e > 0 , 

<^0 +5„5(in)J + 6 ]j^(in) 0 ^ = -e{Mn^Ty^ < 0 , 

<^0 +6„5(out)J+63^^(out) 0^ =-e(7W„5r)“^ < 0, 

(|o “ 6 „ 5 (out)J “5]^^(out) 0 ^ = e > 0, 

The quantities Mn are given by Eqs. (I3.48p . and the combination (AI„T)“^ is the modulus of the probability flux 
of a one-particle state through the hyperplane x = const. One can see that signs of currents (IC7I1 and (ICSp are always 
opposite to the signs of the asymptotic values and p^, respectively. Thus, the one-particle quantum mechanical 
interpretation of quantum numbers p^ and p^ as momenta holds true in the ranges Ui and U 5 . 

IV. Using energy flux operator F (x) (j4.25|l . we construct the corresponding renormalized operator F (x). Its mean 
value in the vacuum state is zero. 


(C 8 ) 


¥ (x) = F (x) — (0 F (x) 


F(x) 


0 ) = 0 . 


(C9) 


Then, with the help of this operator, we calculate mean energy fluxes created by one-particle states m and 
through the surfaces x = x^ and x = x^ . Using orthonormality condition (13.361) . we obtain for electrons in the range 
Ui : 

F„j,+(in) = ^0 +a„i(in)F(xL) +a)jj(in) 0^ = tto (L) > 0, 

F„j,+ (out) = (0 +a„i(out)F (xr) +a)j^(out) o') = {MT)~^ ttq (R) > 0, 


F„j,_ (in) = a„i(in)F(xR) (in) 0 ^ = - (AIT) Vq (R) < 0 , 

F„i,_ (out) = ^0 _a„i(out)F(xL) -a)jj(out) 0 ^ = - (AIT)“Vo (L) < 0 , (CIO) 

and for positrons in the range U5 : 

IFns (in) = (|o _6„5(in)F(xL) -^1^5(in) 0^ = {MT)~^ ko(L)| > 0, 

F„5 _ (out) = (q ■6„5(out)F (xr) ~biyout) 0 ^ = ( 7 WT)“^ \tto (R)| > 0 , 

IFns.-H (in) = ^0 +6„5(in)F(xR) +6],^(in) 0 ^ = - ( 7 WT)“^ Ittq (R)| < 0 , 

F„5,+(out) = (|o +6„5(out)F(xL) +&]j,(out) 0^ =-(TWT)"^ |7ro(L)| < 0. (ClI) 

We believe that the direction of the energy flux indicates the direction of motion of the corresponding particle, 
which is shown on Fig. [ 3 ] by the corresponding arrows. 
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This fact allows us to find longitudinal momenta of the waves in the asymptotic regions Si, and Sb. by integrating 
the corresponding energy fluxes over x. Such QFT quantities differ from the quantum numbers and that 
are asymptotic longitudinal momenta of the corresponding unit one-particle flux, for simplicity, we call them QM 
longitudinal momenta of particles. 

For example, QFT longitudinal momenta of electron states are 

Pni,+ (in) =F„i,+ (in)i^(^i = ^ \p^\ |g(+ |+)|"^ 

Pm,+ (out) i \p^\ | 5 (+ | + )|”^ 

_ (out) = F„, _ (out) = -i \p^\ \g (+ |+)|”^ , 

(in) = F„„_ (in) XW = -1 |pR| |g (+ 1+) |-^ (C12) 

see Sec. IIII Cl In the same manner, using Eq. (ICllI) . we can find longitudinal momenta of positron states. 

These relations show that quantum numbers Ittq (L/R)| can be interpreted as kinetic energies of the unit particle 
flux, both for electrons and positrons in the asymptotic regions Si, and 5 'r, respectively. Then it follows from Eqs. 
(IC12|) that \p^\ and |p^| are modulus of asymptotic longitudinal momenta of the unit of the corresponding one-particle 
fluxes. One can also see that the sign of the mean values F„^^ (in/out) in electron states is C and in positron states 
is —Q The directions of the energy fluxes represent the directions of the motion of both electrons and positrons. 
Thus, we see that the asymptotic longitudinal physical momenta of electrons are = p^ and = p^, whereas for 
positrons they are p^^ = —p^ and p^^ = —p^. This matches with the standard interpretation of quantum numbers of 
solutions of the Dirac equation. One can also see that the electric current of electrons is opposite to the direction of 
their energy flux (and to their asymptotic longitudinal physical momenta), whereas the electric current of positrons 
coincides with the direction of their energy flux (and with the asymptotic longitudinal physical momenta). 


2. Mean values in Da 


I. By using relations (EH), we find differential mean numbers of out-particles in the vacuum | 0 ,in), and differential 
mean numbers of in-particles in the out-vacuum | 0 ,out), 

iV“ (out) = (O, in I ■'■a]j(out) ■'■a„(out)| 0, in) = (_ |+) | ^ , 

fV^(out) = (0,in| +5Uout) + 6 „(out)| 0,in) = |g(+ 

(in) = ( 0 ,out I "ai(in) “a„(in)| 0 ,out) = \g (+ |")|”^ , 

(in) = (0,out I _ 6 i(in) _ 6 „(in)| 0,out) = |p (_ |+)| (C13) 

II. By using relations (13.421) we find differential mean numbers of out-particles in one-particle in-states, 

(0,in| “a„(in) +oi(out) ■'■o„(out) “ai(in)| 0,in) = I, 

( 0 ,in| “a„(in) + 6 i(out) + 6 „(out) ~al( in) I 0 ,in) = 0 , 

( 0 ,in| _5„(in) + 6 ],(out) +5„(out) -bl( in)I 0, in) = I, 

(O, in| _ 6 „(in) ■'■ai(out) ■'■a„(out) (in)| 0, in) =0. (C14) 

Thus, the one-electron in-state contains only one out-electron and does not contain any out-positron, whereas the 
one-positron in-state contains only one out-positron and does not contain any out-electron, which is a consequence of 
the Pauli principle. 

III. Using the operator (14.211) . we calculate kinetic energies of all particles in the range U 3 , 


(o,in 
(o,in 
^0, out 
( 0 , out 


.(in)H 


kin 


(in) 


0 ,in>= Sr, 


-bni 


in 


jrkin 


-bli 


in 


0 ,in> = - 


^a„(out)]Hl'^™ +a]j(out) 
+6„(out)H'^“ +6),(out) 


0,out) = ~^Sn 3 , 
0,OUt) = - +Fn3- 


(CI5) 
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One can verify that, with the account taken of (I4.17L the combinations — c^ns) are positive (as we demonstrate 
in Sec. I VII Cl kinetic energies of physical wave packets of electrons and positrons are also positive). 

IV. Let us introduce renormalized (with respect to the corresponding vacua) in- and out-operators of the electric 
current flowing through the surface x = const, 


J (in) = J — 



J 



J (out) = J — (0, out 


J 


0, out 


(C16) 


where the operator j is given by Eq. (I4.26|) . With the help of Eq. (13.361) we find differential mean values of these 
operators in all one-particle states (ESI), 




(in) = <^0,in a„(in)J[ (in) ajj(in) 0,in^ = —e (MnT) 

(in) = (o, in _6„(in)J (in) _&]^(in) 0, in^ = -e {MnT )~^, 

J“ (out) = ^0, out ■'■a„(out)J (out) ■'■a)j(out) 0, out^ = e (AI„T) 
(out) = (o, out +5„(out)J[ (out) -|_5)j(out) 0, out\ = e (Aln?’)”^ 


-1 


(CI7) 


One can see that the mean currents J“ (out) and (out) are positive and have the same direction as the applied 
external electric field, whereas the mean currents J“ (in) and (in) are negative and have the opposite direction to 
the applied external electric field. Both in- and out-electron states dZSl) are states with definite quantum numbers 
p^, whereas both in- and out-positron states dH are states with definite quantum numbers p^. Therefore, signs of 
both currents J“ (in) and (out) coincide with the sign of p^, whereas signs of both currents (in) and (out) 
coincide with the sign of p^. 

V. Using energy flux operator F (x) (14.251) . we construct the corresponding renormalized operators F(a;|in) and 
F (a;|out), 


F (a;|in) = E (a;) — (0, in E (a;) 0,in\, F (x|out) = F (x) — ( 0, out F (a;) 


0, out 


(CIS) 


With the help of these operators, we calculate mean energy fluxes through the surfaces x = xl and x = xr. Since 
electron wave packets are localized in the region El, and positron wave packets are localized in the region Er, the 
mean energy flux of electron partial waves is to be defined through the surface x = xl , and of positron partial waves 
through the surface x = xr. These mean values are expressed via energy fluxes of the Dirac field through the surfaces 
X = XL and x = xr, respectively. The latter fluxes can be calculated using Eqs. (13.361) . 


F“(in) = (0,in - 
(out) = ^0, out 
Fn (in) = (|o, in _ 
(out) = ^0, out 


a„(in)F(xL,in) o])(in) 0, in^ = (7W„T) Vo (L), 

''"a„(out)F (xl, out) ''"ai(out) 0, out^ = — (Aln?")”^ ttq (L), 
6„(in)F(xR,in) -6],(in) 0, in^ = - (7W„T)“^ |7ro (R)|, 
+6„(out)F(xR,out) +6i(out) 0,out^ = (A4„T)“^ Itto (R)|. 


(C19) 


To find the longitudinal momenta of particles in the asymptotic regions El and Er, we have to integrate these 
energy fluxes over x. Thus we obtain: 

P: (in/out) = (in/ont) = ±^\p^\\g {+\-)\-\ 

p!: (in/out) = V (in/out) |pR| (+ | - ) |-^ (C20) 

We stress that in contrast to the ranges and D5, signs of the quantities related to the electrons in eqs. (ICI9I) 
and (IC20p are determined by the signs of the quantum number p^, but not by the signs of the quantum number 
whereas signs of the quantities related to the positrons are determined by the signs of the quantum number p^, but 
not by the signs of the quantum number p^. 


sgn (P“ (in/out)) = -sgn (p^) , sgn {P^ (in/out)) = sgn (p^) . 


(C21) 


Relations (IC21|) indicate a direct correlation between directions of in- and out- energy fluxes and directions of the 
corresponding currents, which is: 


sgnp^ = sgnV (out) = sgnJ“ (out), sgnp^ = sgnJ^ (in) = sgnj“ (in) . 


(C22) 
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One can see from these relations that in the range ils, as well as in the ranges 17 1 and Us, the quantum numbers 
| 7 ro(L/R)| are kinetic energies per unit of one-particle flux in the corresponding asymptotic regions. Direction of 
the energy flux indicates the direction of the particle motion. This direction coincides with the direction of positron 
currents situated in the region Sb. and is opposite to the direction of the electron currents situated in the region Si,. 


Appendix D: Total reflection in the Klein zone 


To consider the total reflection in the range D 3 in the general case of arbitrary strong electric field when —?> 1 

for some n S C O 3 it is necessary to associate particles with special wave packets that are stable enough. We 
consider the Dirac case. The case of scalar field can be given along the same lines. 

There are in and out electron and positron states each of them associated with the corresponding wave packet. 
Electron in-states are composed from the plane waves ~ipn 3 (7f), whereas electron out-states are composed from the 
plane waves {X). Positron in-states are composed from the plane waves -ipns (7f), whereas positron out-states 

are composed from the plane waves +' 0^3 (^)- It is natural to suppose that all these wave packets are localized at 
some time instants in some areas that have a finite length on the axis x. Let x = ccp be a center of such an area at 
some time instant. We represent such wave packets for electrons and positrons as follows 


(X) = ^ — in/out {Q = —/+) — electron states, 




C^i^xF {X) = C^XF X! cV'n {X) - in/out (( = -/+) -positron states, 


(Dl) 


nGHs 


where and are some coefficients and '^Nxp and qNxf are normalization factors. 


\^Nx 


1-2 




C^(a:F) 


kNx 


1-2 


= I] Ice. 

nG^a 


(^p) 


We are interested in the cases when particle wave packets are localized in the asymptotic region Si, far enough 
from the asymptotic region S'r, which means xp < < aip, or in the asymptotic region S'r far enough from the 

asymptotic region Si, which means xp > x^ > xr. We assume that minimal extension Ap of the whole wave packet 
along the axis x, is much less than the distance between the points Xp and xr, or x^ and xp, Ap ^ x^ — xp, xr — Xp. 
Similar to the discussion related to Eqs. (IB3I) and (IB4I) . one can study square norms of the introduced wave packets 
( ^'0a;p: ‘'4’xf) and ( i^ipxF, ckxp) ■ One can separate contributions to these square norms from the asymptotic regions 
Si and ^R, as follows 


where 


(^V’xp, ‘’iPxf) = {^i’xF, ‘’'kxF)^+ {‘’IpXF, '^■i/’xp)j^ + 0(1) , 
ic^ xp 5 c'k aiF ) = (cV’ a:p 7 C'0 xp )i + (cV’ aip 7 ck xp )r + 0(1). 



41, {X) HxF{X)dx, 

41 , (4 HxF{x)dx- 
cV'l, (.X) QijjxF {X)dx, 

cV'l, {X) {X)dx. 


(D2) 


(D3) 


Let us study integrals (lD3l) following the procedure described in Appendix |B] Taking into account the mutual decom¬ 
positions of the plane waves (13.381) and using spin and coordinate factorization of Dirac spinors given by Eq. (13.6L 
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one can represent integrals (jD3l) in the following forms 

(^V'aJF) ~ I '’■^^fI 

ic^XF, cV'r^p)L = I [ drj_ [ I (X) 

(cV-xp, c?/’xk)r = I / *-L / I CV^xp (^)| dx, 

JVl JxT, 


1 ^^'xpf 

f dr^ 


Ivy 

1 ^^'xpT 

f drj_ 


Ivy 




dx: 


dx. 


(D4) 


where 




exp (-ipot + ip^ X + ip Lrj^) 


V2|5(+|-)l 


w= E 

^ exp Hpoi + ^P±r^) 

C^xpW= E [5ric)e^l^"l^-5(-|c)e 


n^Qz 


V 2 \ 9 U\-)\ 

exp {-ipot + jp Lr^) 


v^l5(+|-)l 


(X) = ^ 


C^Cn exp {—ipot + ip^x + ip±rj^) 

v^l5(+|-)l ' 


(D5) 


Absolute values of the asymptotic momenta and |p^| are determined by the quantum numbers po and pj_, see 
Eqs. (13.151) and (13.191) . This fact imposes certain correlations between both quantities. In particular, one can see 
from Eq. (13.211) that d Ip^l /d Ip^l < 0, and at any given pj, these quantities are restricted inside the range fla, 


0 < 


oR/L 


< p^^^, p^^^ = v'U (U-27r_L). 


(D6) 


As an example, let us consider an electron wave packet with a given spin polarization a and transversal momentum 


Pu, 


“ 27r 


[ 4nWdpo, 

J Po 


(D7) 


where the integration over po is fulfilled for a given fixed p_L and the corresponding asymptotic scalar functions ins]) 


are 


^‘^xp (^) = 


T 

27T 


exp{-ipot + ip±rj_) ' 




V2|5(+|-)| 

exp (-ipot + ip^x + ip Lrj) 

po^Os 


V2\g{+\-)\ 

Using Eqs. (I3.10p and p.l5p . we express po via p^ as 


dpQ. 


Clg-hP 1 “ 


dpo, 


(D8) 


Po = Uk- \J {p^f + tt ^. 


Then we denote the mean value of in a wave packet in Ar as p^ , and the mean value of |p^ | of the same packet 
in S'l as Ip^l. Afterwards we chose coefficients as follows 




-dip’ll — 


^ JIT exp [-zpoCT/2 - zC p^ (xF + fep) 

doxF -TTTT—rrrr- 

-Ap/2 |5(+I )l 


(D9) 
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where the quantity I5 (+ | )| = |g(+ | )|pR^pR does not depend on This allows one to represent wave packets 

(ID8|) as integrals over Ip^l, 


Cn rp 

J-Af/2 Jo 

< exp (t + CT/2) + iC |p^| (2: — ccp — i^xp) 

C n /■+Ap/2 

(^) = / dSxF d\p^\ 

Ap J_Ap/2 Jo 


X exp 


i\J (p^)^ + TT^ (t + CT/2) — i(^ |p^| (ip + 6 xf ) 


Ct p-dP “ 


5(^|C)e*|P |x_ 

^ T exp [-z17r {t + C'T/2) + tp^rj,] 

2^n\-g{+\-)\ 


(DIO) 


The case —j> 0 where (a;R — xp — ^ 2 p)| < 1, takes place for relatively weak fields, or near the border 

between ila and ^ 2 , and, as was already said above, is characterized by big values of the quantity !(;(+ |“)| ^ 

|g(+ |+)| —>■ 00 . In this case, it follows from (IDIOI) that the asymptotic densities | (^)| tend to zero, i.e., 

electron wave packets do not penetrate in the asymptotic region 5'r, whereas the absolute values of the coefficients in 
front of the incoming and outgoing plane waves in the expression for (X) are equal. 

In the case when is not small i.e., p“'^’^Ap ^ I, we consider first the situation when xp G ^l, a:p < 2 :^, 
and 2 p + (52p < 2 ^ for all Jxp. In our general setting of the problem we have —T/2 < t < T/2 that is why 

C (t + C,T/2) > 0 and therefore in the region 5 'r where 2 > 2 r > 0 the exponent index in the expression (IDIOI) 

for (X) is not zero. Moreover, at any time instant, high-frequency oscillations in the latter expression lead to 

vanishing the asymptotic densities | 0. It is easy to see that situation is quite different in the asymptotic 

region Sl, where 2 < 2 l < 2 l < 0. Here (X) is a superposition of two types of plane waves with opposite signs 

of the quantum number p^. That is why there always exists such an area on the axis 2 where the exponent index 
in the expression (IDIOI) for (X) is zero. In particular, when \t + CT/2\ ~ 0, there always exists an 2 such that 

|p^| ( 2 p -I- fep) — 2 = 0 for any (. 

This corresponds to incoming wave packets at t —>■ —T/2 ioi ( = — and outgoing wave packets at t ^ T/2 for 
C = -f. Note that mean currents of these electron and positron wave packets are zero unlike the mean currents of 
constituent plane waves. To understand such a distinct behavior, it useful to recall that mean currents are defined by 
the inner product (I3.33L which is, in particular, the average value over the period of time from —T/2 to T/2, where 
T is the time dimension of a large space-time box. Thus, a certain direction of a wave packet in a given time instant 
matches with the zero average current of this wave packet. 

Let us suppose now that 2 f G <S'r, 2 f > 2 ^, and 2f + (52f > 2 ^ for all faF. In such a case there exist a coordinate 
2 G ^R and 2 > 2 ^ > 2 r > 0, such that the exponent index in the expression (IDIOI) for ^p^^ (X) is zero. However, 
since ^p]p^^ (AT) is a superposition of two types of plane waves with opposite signs of the quantum number in the 
asymptotic region S'l there always exists such an area on the axis 2 where the exponent index in the expression (IDIOI) 
for (A) is also zero. This means that such wave packets cannot represent an electron. This result holds true 

for any electron wave packets. Indeed, in our reasonings we have used only the general structure (ID5I) of functions 
‘’Pxp (X) which consist of only one type of plane waves with the same sign of the quantum number p^, whereas the 
functions ^p^p (X) represent superpositions of the two types of plane waves with opposite signs of the quantum 
number p^. Namely this is the reason why electron packets cannot be localized only in S'r and cannot represent 
stable states describing electrons. We see that in the framework of our consideration there are no electrons in the 
region ^r with quantum numbers from the range H 3 . 

It is not difficult to give similar example for positron wave packets and prove that they can be localized only in one 
asymptotic region, namely in S'r. 

Thus, in the range Q 3 there exists the same localization of electrons as in the range Q 2 and positron localization 
as in the range H 4 . That is why in contrast to the ranges Hi and H 5 , any initial and final wave packets in the range 
H 3 may come in and go out only to the same asymptotic region, which corresponds to the total reflection both for 
electrons and positrons. 
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Appendix E: Differential mean number in slowly alternating field 

The absolute values of Ip^l and Ip^l are related by Eq. (13.211) . In the range lla these relations imply Eq. (1061) and 


0 < ||p I - |p II < p" 

Therefore, for big a that satisfies Eq. (I3.21L we obtain 


TTa 


eEa — 


1 


\P \- \P 


> 1 . 


(El) 


(E2) 


As a consequence of (IE2I) the quantities iV“ given by Eq. (19.41) for fermions, and by Eq. (19.61) for bosons have 
approximately the same form 


= Ip (+I )| ^ ~ 4sinh (tto |p'"|) sinh (tto |p^|) exp (—27reEa^) . 


Then it follows from Eq. 


that if the range lla is small enough 


eEa — 7rj_ —^ 0 


nap 


< 1 . 


then the the quantities are exponentially small. 

Let us consider the opposite case of big ranges lla when 

7rap““ » 1 

and the quantities are not small. Such ranges do exist if 

eEa ^ m 

and 

a7r_L < Kj_, 

where K± is a given arbitrary number, ma <C K±^ <C eEa^. 

In this case, we consider first finite subranges adjoining the range fla from inside. In such subranges 


(E3) 

(E4) 

(E5) 

(E6) 

(E7) 


—na\l + TT^ 


if 7ra |p^| < kma, 


—na\J (p^)^ + n\ 


if na |p I < kma, 


N!^ ~ 2 sinh {na |p^|) exp 
~ 2 sinh {na |p^ |) exp 

where fc > 1 is a given arbitrary number, obeying the inequality 

kma <C eEa^. 

Near the borders of the range fla, we have 

r; 2sinh {na \p^\) if na |p^| < K°, 

~ 2 sinh {na |p^|) if na |p^| < K^, 

where < 1 is an arbitrary number. The numbers given by Eq. (jE10|) are exponentially small, < 2e" 
For border areas situated more close to the center of the range Ida, where 1 < na |p^’^|, we have 


(E8) 

(E9) 

(ElO) 


n 


exp 


exp 


—Tra 


{p^f + 7r5_ - |p^ 


(pL) +n\- \p 


if 1 < 7ra |p^| < nkma, 
if 1 < Tra |p^| < nkma. 


(Ell) 


The numbers are growing as n recedes from the borders of the range Oa and for any fixed 7r_L achieves his 
maximum when Tra |p^| —> nkma, or a |p^| —> nkma. In turn, this maximum value grows as Tr_L —>■ m. Thus, in the 
subranges under consideration, we can estimate the quantities N!^ from above as 

nma\ 


< exp(-i 


2k ) ■ 


(E12) 
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This quantity is exponentially small if for any given k the ratio > 1 is big enough. 

The main contribution to the particle creation is due to the inner part of the range ^3. This range is defined by 
the following inequalities 


TTa |p^| > Tikma, ira |p^| > Trkma. (E13) 

They correspond to the following restrictions on the energy pq : 

a\po\ < eEa^ — K, K = a\J{km)^ + tt\. (E14) 

Inequalities (IE7|) and (IE9I) imply that K eEa^. In such a case, we can approximate the numbers (|E3I) as 

K' - = e-"", r = a {2eEa - \p^\ - |pL|) (E15) 

The function r is minimal at po = 0: 


minr = 




it grows monotonically as |po| grows, and takes its maximum value 


(EI6) 


Tmax = r\^p^\=eEa-K/c. ~K- kma + A/4. 


(E17) 


on the boundary of the Ila range. In the wide range of energies where cr |po| eEa^, the numbers 
practically on the parameter a and have the form of the differential number of created particles in 
field din. 


do not depend 
an uniform electric 


iV“ ft! e-^^. 


(E18) 
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